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O «DyHKii;n^x Mkobh h Behepuitpacca (I) 

H yPABHEHHE IlEHJlEBE 

K). B. BpeiKHeB 
brezhnevOmail . ru 



CTaTbH HBjifleTCfl nepepa6oTaHHOH h cymecTBenHO pacmHpeHHoii Bepcn- 
en pa6oTbi math.CA/0601371, flonojineHHoii npnjiojKeHHeM. 

IlpefljiaraiOTCfl HOBbie pesyjiBTaTM b tgophh KjiaccHHecKHx 9- 
(JjyHKiiHH 5Iko6h h (j-4)yHKLi,HH BeiiepniTpacca: o6biKHOBeHHbie ^Hcjxjje- 
peHiiHajibHbie ypaBHenHa h pasjiojKeHHfl b pa^bi. Mm ^aen TaxjKe pac- 
innpeHHe KanoKHHecKHx h paccMaTpHBaeM npnjiojKeHHe k 

mecTOMy ypaBHenHio IleHjieBe (P6) . 06iri;ee pemeHne IlHKapa-XHTHHHa 
ypaBHeHHH P6 jibho npeflCTaBjieno b bh^g jiorapHcjjMH^ecKofi npoHSBOfl- 
Hoii OT cooTBeTCTByromeii T-^ymsxan ((J)opMa IleHJieBe). 



The paper is an essentially extended version of the work 
|mat h.CA/0601371' supplemented with an application. 

We present new results in the theory of classical 6'-functions 
of Jacobi and ti-functions of Weierstrass: ordinary differential 
equations and series expansions. We also give the extension of 
canonical ^-functions and consider an application to the sixth 
Painleve equation (P6). Picard-Hitchin's general solution of P6 
is represented explicitly in a form of logarithmic derivative of a 
corresponding r-function (Painleve's form). 



2 



. . . MHe KOK HumameAW OKasueaemcji caookhum paso- 
6pambcji 6 moM, umo Mce jieAJiemcji HoeuM, a umo sauM- 
cmeoeaHO U3 KMaccuuecKux ucmoHHUKoe. (!) 
... e smou paSome ece "noeue" ymeepcucdeHusi sieAsimmcsi 
6oAee UAU Menee mpueuaAbHUMU cjiedcmeuMMU uaeecmnux 

. . . MHOsue (f)opMyAU U3 §3, 5-8 pev,eH3eHmy xopomo U3- 
eecrriHU. (!!) 

. . . Ha noeepKy OKaaueaemcM mpueuaAhHUM nepenucueanu- 
eM xopomo uaeecnmoso napaMempunecKozo pemenusi ypae- 
IleHAeee. 

. . . paSoma npouaeeMa eneHamAenue ueKoeso cnpaeoHHO- 
80 nocoSuA, adpecoeaHHOzo MameMamuKaM He ananoMUM c 
KAaccuHecKou meopueu. (!) 

. . . referee did not see these formulae before but believe that 

such formulae can be derived. (!!!) 

. . . the paper can't be considered as a research paper. 

... it seems that he has not made a really systematic 

attempt to check all the most likely sources. If he had done 

so, the number of "useful formula" that could be gleaned 

from them could probably easily be multiplied by a significant 

factor. (!!) 

(BblflepJKKH H3 0T3bIB0B Ha pa60Ty. SnaKOM (!) OTMe^eHBI 

HaH6ojiee «3aMeHaTejibHBie o6pa3ii;bi». B Ka^ecTBe flonojiHH- 
TejibHoro BBefleHHa, nocjie cxaxbH npHBefleno hhcbmo, xa- 
paKTepH3yiomee ypoBenb KOMneTeHTHOcxH peii;eH3Hit.) 

1. Bbe^ehhe 

T9Ta-4)yHKi];HH 5Iko6h h BeHepniTpaccoBCKHii 6a3HC 4)yHKi];HH {a, C, P, P') BOSHHKaiOT b 

MHOrOHHCJieHHblX TeOpHHX H npHJIOHCeHHHX. OhH 6bIJIH npeflMCTOM HHTeHCHBHblX HCCJieflO- 

BaHHH HaHHHaa c MOMenTa hx BOSHHKHOBeHHH H yjKe K KOHi];y XIX BCKa Teopna npHHHjia 
CBOH HtraeinHHii BHfl. IloflaBjiHiomee hhcjio pesyjitTaTOB 6bijio nojiyneHO b pa6oTax caMoro 
5Iko6h h BeftepniTpacca, a TaKHce hx coBpeMeHHHKOB: 3pMHT, 3HHenep, KnnepT, HeHMan, 
Ajib4)eH, FypBHu;, <l>po6eHHyc, OpHKe h ^p. CymecTByeT o6mHpHaH jiHTepaTypa, BKjiiOHaH 
cnpaBOHHyio [271 [3], no TeopHH sjijinnTHnecKHX, MOflyjiapHbix h poflCTBenHbix hm (JjyHK- 
i];hh. Bojibinoe KOJinnecTBO noKasaTejiBHbix npHMepoB npHBe^eHO b KjiaccHnecKOM "Kypce 
coepeMCHHOgo anaAuaa" |6j, a HaH6ojiee o6cTOHTejibHbiMH, KaK no HSJiojKenHio Teopnn, Tax 
H b (jjopMyjibHO-cnpaBonnoM OTHomennn, hbjihkjtch ne nacTO ynoMnnaeMbie ncTbipe to- 
Ma Tannepn-MojibKa [23j . a TaKJKe yne6HnK no ajire6pe Be6epa |25| . 2-x TOMHbift Tpy/i; 
Ajibcjjena c nocMepTHbiM nsflanneM 3-ro TOMa |13| n pp. |18l [T9l [3]. Cmpa jkc cjie^yeT 
OTHecTn n co6cTBeHHO Tpy^bi BeftepniTpacca [26] h 5Iko6h [16j . KOTopbie, hbjihhcb BecbMa 
noflpo6HbiMH B nsjioJKennHx, ocTaroTCH ncTonnnKOM BajKHbix Ha6jiK)fleHHft. 

B nacTOHmeii pa6oTe (I) mh npnBOflHM noBbie pesyjibTaTbi npHMennTejibHO k O-c^jhk- 
n;HHM 5lKo6n n a-cipymajaaM BeiiepniTpacca, a nMenno, no pasjioJKennK) nx b pHflbi n 
fln(J)4)epeHn;HajibHbiM ypaBnennHM, kotopbim ohh yflOBjiCTBopHiOT. B OT^ejibnoM coo6me- 
nnn (II), KaK npoflOJiJKenne, Mbi nsjioJKnM cnoco6 nocTpoenna <ojijinnTnnecKOH nacTn» 
Teopnn, ne CBHsannbin c o6pamenneM rojiOMopcJjnoro nnTerpajia (5lKo6H-BeHepmTpacc) 
njin c noflxoflOM, ocnoBannbiM na nocTpoennn sjijinnTnnecKnx (JjyHKi^nn KaK MepoMopcJ)- 
nbix n flBOHKO-nepnoflnnecKnx (JlnyBHjijib-3H3enmTeHn-BeHepmTpacc). 

PaSJIOJKeHHH B pHflbl SJIJinnTHHeCKHx/MOflyjIHpHblX H ^-(JjyHKI^HH flO CHX nop HBJIHIOT- 

CH nocTOHHHO SKcnjiyaTHpycMbiM HHCTpyMCHTOM BO MHornx Bonpocax. B CHJiy hsbcct- 
Hbix anajiHTHHecKHx cbohctb, sto nosBOjiacT nojiynaTb Tonnbie pesyjibTaTbi. ^ocTaTonno 
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ynoMHHyTB cJjyHKi^HOHajiBHbie paflbi fljiH BcesosMOJKHbix 0-OTHomeHHH [251 123| . TeopeTH- 
KO-HHCjiOBbie g-pHflbi H pHflbi JlaM6epTa ^7j, snaMeHHTtie paflbi MaKKaa-ToMncoHa, hx 
cjieflCTBHH THna «Moonshine Conjecture* h ee coBpeMenHbie pacmnpeHHa. Mhofohhc- 
jieHHbie 4)opMBi pHflOB fljiH BeHepuiTpaccoBCKHx H HKo6HeBCKHx 4)yHKi];HH (JjHrypnpyiOT 
B jiHTepaType noBCiofly |13l 1191 [23| [3| [6], HecKOjiBKO HeoHCHflanHBiM BBirjiH^HT to, hto flo 
CHX nop OTcyTCTByiOT (JjopMyjibi CTenenHBix ^-pa^OB KaK anajioroB BenepniTpaccoBCKHX 
cT-pHflOB, xoTH 5Iko6h HbiTajiCH HOJiyHaTb HX eme flo noHBjieHHH ero Fundamenta Nova 
[TBI I: CTp. 259-60] (cm. flajiee §4). 

IlpefljiaraeMbie hhjkc flHHaMHHecKne CHCTeMbi hmcmt caMOCTOHTejibHyro i^chhoctb, no- 
CKOJiBKy, KaK Mbi ysHflHM, b KanecTBC 6a30Bbix ^HcJxJjepeHi^HajibHbix ypaBHeHHit jiornHHce 
paccMaTpHBaTb ne ctojibko ypasHenHH na sjijinnTHHecKne cJjyHKi^HH (p-ypaBHenne Beii- 
epniTpacca hjih ypasHenHH 3Hjiepa na HKo6HeBCKHe sn, cn, dn), ckojibko o6uKHoeeHHue 
du(f)(f)epeH'nuaji'bHue ypaeneHUM na co6cmeeHHO 0-(f)yHKVi,uu (§6-7). Ilpn stom BbicTpan- 
sacTCH ecTecTBCHHaH KapTHHa: 1) sjiJinnTHHecKne cJjyHKi^HH hbjihkjtch no^KjiaccoM a6e- 
jiesbix sjijinnTHHCCKHx HHTcrpajiOB Bcex Tpex poflOB, ohh — noflKjiaccoM KanoKHHecKHx 
0-(byHKi];HH, a nocjieflnne — no^KjiaccoM onHCbisaeMbix (§ 9) HeKaHOHnnecKHx pacmnpe- 
HHiU; 2) flH4)4)epeHi];HajiBHO-MOflyjiHpHBie CBoficTBa Bcex KjiaccoB BOSHHKaiOT aBTOMaTH^e- 
CKH (§8-9); 3) ajire6paHHecKHe CBofiCTBa (^-ToacflecTBa) noHBjiaiOTCH xax ajire6paHHecKHe 
HHTcrpajibi flHcJxJjepeHi^HajiOB (§9.1). 06mHpHbie npHjiOHcennH STa TCMaTHKa hmcct, xax 

HSBCCTHO, B TCOpHH HHTerpHpyCMBIX HejIHHeHHblX ypaBHeHHH. 

^H4)4)epeHLi,HajiBHbie CBOHCTBa «MO/];yjiHpHOH HacTH» (JjyHKi^Hii 5Iko6h 6ojiee TpaHCi^en- 
flCHTHBI H HCpaSpblBHO CBHSaHBI C TeOpHeft JIHHeHHBIX flHcJxJjepeHi^HajiBHbix ypaBHeHHH c 
6ecK0HeHHbiMH rpynnaMH cJjyKCOBbix MOHOflpoMHit. 3a nocjie^Hee spcMH, b pa6oTax A6jio- 
BHn,a [101 CTp. 573-89], TaxTa^JKana, Xapnafla, MaxKaH, XnTHnna [15| . Oxhhmbi h ^pyrnx, 
3Ta o6jiacTb nanijia passHTne h KpacHBbie npHjiojKeHHH, HSsecTHbie KaK mohohojih [T] h 
ypaBHeHHH Tnna Ajibcjaena [241 [8] , UlasH-IlHKapa-OyKca [22] , KOCMOJiornnecKHe mctphkh 
Tofla [21], XHTHHHa [15] h ^p. 

CbHSB MCJKfly HHTerpHpyCMblMH HejIHHeHHblMH ypaBHeHHHMH H ypaBHeHHHMH HHTCrpH- 

pycMbiMH B MOflyjiHpHbix cJ)yHKD;HHx saMCHCHa flasHO H He pas OTMCHajiacb b jiHTcpaType. 
Cm. HanpHMcp pa6oTbi [22], [101 CTp. 573-89] hjih o6cyjKfleHHe cooTHomenHH c ypaBHCHH- 
HMH THHa KflB Ha CTp. 126-8 b KHnre [1]. Mbi ^aflHM o6T)HCHeHHe STOMy (JaaKTy h ysn- 
flHM, HTO «MO/];yjiHpHaH HHTerpHpyeMOCTB» HMCCT cjieflyromHH xapaKTcp. Ona hbjihctch 
ycjiOBHCM COBMCCTHOCTH jiHHeftHoro «r-ypaBHeHHH» TCHjionpoBOflHOCTH H KBaflpaTypHO- 
ajire6paHHecKH HHTerpnpyeMbix HejiHHeHHbix «x-ypaBHeHHH» na 0-4)yHKD;HH. 

^pyrHM H He Mcnee sajKHbiM o6'beKTOM npHjiojKeHHH nsjiaracMoro hhjkc aBjiHCTca npo- 
6jieMa KOopflHHaTHO-aHajiHTHHCCKoro OHHcannH npocTpancTB MOflyjieii ajire6paHHecKHx 
KpHBBix H flH4)4)epeHD;HajiBHO-reoMeTpHHecKHx CTpyxTyp na hhx. 3tot Bonpoc b jihtc- 
paType ne HOflHHMajica, b to BpcMH xax hcho, hto npcfljiaraeMaa «flH4)4)epeHD;HajiBHaH 
TexHHKa» 6y/];eT Heo6xoflHMOH b tcx CHTyaD;Hax, Kor^a KjiaccBi ajireSpaH^ecKHx kphbbix 
HaKpBiBaiOT sjijiHHTHHecKHe. 3thm 6biji BbiSBan nam ochobhoh HHTcpec b stoh o6jiacTH, 
HO MBI He saTparHBacM STy TCMy, orpaHHHHBniHCB tojibko HHcJjopMaTHBHO cnpaBOHHOH na- 
CTBK) annapaTa h yxasaHHCM pa6oTBi |2], r^e npe^jiaraeMBie pesyjiBTaTBi HcnojiBsyiOTca b 

HCCKOJIBKHX HpHJIOJKCHHHX. ^pyPHC HpHJIOJKeHHH CJICflyiOT H3 CaMHX cjjOpMyjI. 

HaHHHaa c § 3 h flo KOHD;a pa6oTBi mbi 6yfleM npnflepjKHBaTBCH cjie^yiomero npaBH- 
jia. EcjiH OTflCjiBHO He yxasBiBaeTCH hjih npo cJjopMyjiy Hnnero ne CKasano, to pesyjiBTaT 
(yTBepjKfleHHe b tckctc) hbjihctch hobbim. B hckotopbix cjiynaax, necMOTpa na OHCH^a- 

CMOCTB OTBCTa, CJICflCTBHH OKaSBIBaiOTCH HC OHCBH^HBIMH. B HaCTHOCTH, 3T0 OTHOCHTCH 

K flHcJxJjepcHi^HajiBHBiM ypaBHCHHHM Ha HKo6HeBCKHe 4)yHKi];HH HO nepBOMy apryMCHTy. 



K Ha^ajiy stoh ii;enoHKH moikho 6bijio 6bi flo6aBHTb ajieMeHTapHbie (J)yHKii;HH. Ilofl KjiaccoM sflecb 

yCJIOBHO nOHHMaMTCH paitHOHajIbHbie cJjyHKItHH H JIOrapHCjjMM OT HHX. 
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^HcJjcJjepeHi^HajiBHBie TOHc^ecTBa MejK^y ^-cJjyHKi^HHMH nnorfla scTpenaiOTCH b CTapoii jih- 
TepaType |251I23| . ho Baacna flHcJxJjepeHi^HajibHO-nojiHHOMHajiBHaa aaMKHymocnib , a napa- 
Ay c 4)yHKi];HHMH 9 B TeopHH flOjiJKHa 4)HrypHpoBaTB 4)yHKi];HH 9[. 3to CBOflHT 66jiBmyio 
nacTb BbiHHCjieHHH k ynpajKHeHHHM b « differential calculus» h nosBOjiaeT H36eHcaTb Ma- 
HHnyjiHi];HH c HeaBHbiMH ajire6paHHecKHMH cooTHomeHHHMH. Cnoco6bi BBiBOfla 4)opMyji 
o6biHHO cjieflyiOT h3 KOHTeKCTa h nosTOMy, sa neflocTaTKOM MecTa, mbi onycKaeM flOKa- 
saTejitCTBa, orpaHHHHBaHCB KOMMeHTapnHMH k cymecTBenHtiM fleTajiHM. CoflepjKaHne § 2 

HBJIHeTCH 06meH3BeCTHE.IM H npHBOflHTCH SfleCb flJIH (JjHKCai^HH o6o3HaHeHHH. CnHCOK JIH- 

TepaTypbi, hto6e.i H36ejKaTb ero npesMepHoro yBejiHHeHHH, bo mhofom coKpamen. 

2. OnPEflEJlEHH5I H OB03HAHEHH5I 

2.1. ®yHKii,HH 5Iko6h. HeTbipe (JsyHKi^nn ^1,2,3,4 h hx SKBHBajieHTbi npn HcnojibSOBannH 
sanncH c xapaKTepncTHKaMH onpe^ejiHiOTCH cjieflyiomHMH KanonHHecKHMH pH^aMH: 

00 

-0n : 0i(x|t) = -i Y1 ^''^^'^ e^^+s)'"'" e^^'^+i)"^^ , 

fc — — 00 



e^O: e2{x\T)= ^ik+kr^ir ^{2k+l)nix ^ 

fc — — 00 
00 

k — — Qo 
00 

fc- — — CXD 

ByfleM HcnojibsoBaTb o6o3HaHeHHH 9k = 9k{x\T) h HHorfla 9k{x). SnaHeHHH ^-cJjyHKi^HH 
npH X = HasbmaiOTCH "iJ-KOHCTaHTaMH: = "^ki^) = ^fc(0|T). Ho coo6pajKeHHHM yflo6- 
CTBa (JjopMaTHpoBaHHH (JjopMyji, 6yfleM ynoTpe6jiHTb ^BOHKyio HOTai];Hio ^jih ^-cJjyHKi^HH 
c xapaKTepHCTHKaMH (3pmht): 



9\t^{x\T) = 9^p{x\T) = 5^ e 



_7ri(fc+ffr+2^i(fc+f)(a;+f) 

fc — — oc 



IlycTb {n,m) = 0, ±1, ±2, . . . . Mbi paccMaTpHsaeM TOJibKO i];ejiOHHCJieHHbie xapaKTepn- 
CTHKH, nosTOMy, B CHjiy 4)opMyjibi ^[3^2™] = (— 1)"""^[/3], 4)yHKi];HH 9ai3 Bcer^a cbo^htch k 
i^i,2,3,4- Hpn cflBHre na ^-nepnoflbi y ^-(JjyHKi^HH cflBHraroTCH xapaKTepncTHKn: 

0H(x + § + f r|r) = (-i)('3+")-0[",::](:E|T)-e"^"^^'"+'""^ (1) 
^ByKpaTHbie cflBHrn na ^-nepnoflbi ^aiOT saKOH npeo6pa30BaHHH ^-cJjyHKi^HH b ce65i: 

SnaHeHHe jiio6oh ^-cJjynKi^HH b jiio6om ^-nepnofle ecTb neKOTopaa i?-KOHCTaHTa c SKcno- 
HeHi];HajibHbiM MHOJKHTejieM: 

B HacTOHmeii pa6oTe mh HcnojibsyeM «r-npeflCTaBjieHHe» "d, ^-cJayHKi^nii. Ilepexo/]; k nacTO 
HcnojibsyeMOMy «g-npe/];cTaBjieHHio» = e'^^'^) ocymecTBjiHeTCH no 4)opMyjie dr = '^dq. 
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2.2. ®yHKii,HH BeftepiuTpacca. By^eM HcnojibsosaTt. o6n],enpHHHTbie o6o3HaHeHHH 
BeitepniTpacca: a{x\u],u]') = cr{x;g2,g^), p{x\uj,uj') = p{x; §2, g^) h t. fl. HnsapHaHTbi 
((72, 53) HBjiHKJTCH (JjyHKi^HHMH OT nepHOflOB (2a;, 2u;') (h Hao6opoT) HJIH MOflyjiH ■T" = ^ H 
onpe^ejiHiOTCH no HSsecTHtiM pa^aM BeHepmTpacca-3H3eHmTeHHa. 3th ph^bi coBepmeH- 

HO HeHpHrOflHBI flJIH BBIHHCJieHHH. FypBHU;, B CBOeft flHCCepTai^HH (1881), Hamejl KpaCHBBIH 

nepexofl k cJjyHKi^HonajiBHBiM psi^aM JlaM6epTa, KOTopBie HcnojiBsyroTCH b TeopnHx, HMeiOT 

HpHJIOJKeHHH H HBJI5HOTCH HaH6ojiee ScJjcJjeKTHBHBIMH B HHCJIOBBIX paCHCTax: 





2k-n\ 'I 



^ 1 



e 



2fc7ri T 



OTbiCKaHHe nepHOflOB (2a;, 2u;') no npoHSBOjitno saflannbiM napaMeipaM (a, 6) sjijinn- 
THHecKOH KpHBOH vj^ = 4:Z^ — az — b HSBecTHO KaK sjijinnTHHecKaa MOflyjiapnaa sa^ana 
o6pan],eHHH. Ona pemaeTCsH nepes pemenne TpaHcn;eHfleHTnoro ypaBnenna J(t) = ^ c 
npHBjieHenneM J-nnBapnanTa Kjienna: 



B BbipojKfleHHbix, jieMnncKaTHHecKOM (6 = 0) n SKBHaHrapMonnnecKOM (a = 0) cjiyna- 
Hx, Heo6xoflHMbi OTflejiBHbie 4)opMyjiBi. Onn MoryT 6biTB sbho nojiynenbi n mm npHBe^CM 
BbipajKenHH (hobbic) fljia rayccoBCKoii jieMnncKaTHHecKoii KoncTaHTbi uj^ n SKBHanrapivio- 

HHHeCKOH KOnCTaHTbl uj^: 



1 , \/3. 

a;' = ea;^ , ^ = ~2 



rfle 77 — 4)yHKn;HH ^e^eKHnfla (§2.3). B CHjiy cooTnomennn o^HopoflnocTH fljiH 4)yHKn,HH 
a, C, p, p', nojiynepHOflbi (a;, a;') njin HHBapHanTbi {g2,g^) MoryT 6biTb saMeneHbi oflnoH 
Bejinnnnoii — MOflyjieM r. TaKne 4)yHKn;HH 6yfleM o6o3Ha"qaTb cjie^yiomHM o6pa30M: 

a{x\T) = a{x\l,T), ({x\t) = ({x\1,t) p(x|t) = p(x|l, r) p'(x|r) = p'(x|l, r) . 

r/-4)yHKn;HH BenepniTpacca OHpe^ejiHeTCH (JjopMyjion ry(r) = ('(Ijlj''"), a ^jih ee BBiHHCJie- 
HHH HCHOJiBsyeTCH cjieflyKJmHH psifl H ero MOflyjiHpnoe cbohctbo: 



rfle HHCjia {a,b,c,d) hbjihiotch n;ejibiMH h ad — be = 1. Moflyjiapnbie npeo6pa30BaHHH 
npeflCTaBjiHiOT ne tojibko TeopeTHnecKHn nnTepec. Ot snanenna MO^yjia chjibho saBHCHT 
cxoflHMOCTB 4)yHKn;HonajiBnBix pa^OB. IlepeHOCH r b (JayH^aMenTajiBnyio o6jiacTB MO^y- 
jiapnoit rpynnbi r(l) = PSL2(Z) (npon;ecc jierKO aBTOMaTHsnpyeTca) , nojiynacM snanennH 

T = e, y KOTopBix MHHMaH HacTB HMeeT MHHHMajiBHO flOHycTHMoe SHaneHHe: Ss(r) = 
B TaKOH «caMOH xyflmeH» tohkc pa^Bi cxo^htch HpesBBinaHHO 6bictpo. 

Tpn 4)ynKn;nH BenepniTpacca a^, (T2, (Jg onpe^ejiHiOTCH cjie^yiomHMH BBipajKeHHHMn: 



^3aMeTHM, HTO peineHHa 3toh aafla^H b 3-m tomg MameM. 9hv,ukji. na CTp. 789 h b KHnre [2] na CTp. 51 
H3Ji05KeHbi He BepHO, HTO He CBasano c one^aTKaMH. 
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a"-4)yHKi];HH BenepniTpacca, KaK cJjyHKi^HH ot {x, §2, 53), yflOBjieTBopaeT jiHHefiHbiM flnt^- 
4)epeHi];HajibHbiM ypaBHenHHM, nojiyHennbix BeftepniTpaccoM: 

da ^ da da 

d'^a da 2 2 da 1 n 

dx^-^^''dg~~^''W,^T2''" " = ° 

3th ypaBHeHHH hosbojihiot nojiyHHTb peKyppenTHtie cooTHomeHHH na KOScJjcJjHi^HeHTbi 
CTeneHHbix pasjiOHcenHii cJjyHKi^HH a: 

3 

f7(x;(72,93) = C^ox + Ci !- + ••• =x-^x5-^x7 + --- (2) 

(nopMnpoBKa cr(0) = 0, o"'(0) = 1, o""(0) = HBjiHeTCH CTaHflapTHoft) . HssecTHbi ^bc TaKne 
KjiaccHHecKHe peKyppeni^HH. Oflna npHHaflJiejKHT AjibcJ^eny [131 I:cTp.300]: 

Ck = ^Ck^i-\{k-l){2k-l)g2Ck-2. rfle S = 12<73^ + ^5i^ (3) 

(b flpyrnx o6o3HaHeHHHx ee BbrancbiBaji TaKHce BeiiepniTpacc [261 V: CTp. 49] h ^aace 5Iko6h 
(cm. § 7)). BTopaa nojiynena BenepniTpaccoM: 

00 

m 



<^{x;g2,93) = ^ Am,n (y) (25: 



(4m + 6n + l)! ' 



rn,n — 



Am, n = y (n + 1) Am-2, n+1 + 3 (m + 1) Am+l, n-l - 

- i (2m + 3n - l)(4m + 6n - 1) , 

rfle ^0,0 = 1 H Am^„ = npH (n, m) < 0. HeflasHO, b cbhsh c o6o6n],eHHHMH na cr- 
4)yHKi];HH KjieHHa, 6bijia nojiyHena eme o^Ha peKyppeni^HH [11] (cymecTsyiOT h flpyrne 
peKyppeHi];HH) . Hs scex peKyppeni^Hii, peKyppeni^HH BeftepniTpacca HaHMenee saTpaTnasi, 
npHHCM cpaBHHTejibHaH CTeneHb ee scJjcJjeKTHBHOCTH OHent. 6bicTpo pacTeT c pocTOM no- 
pHflKa pasjioJKeHHH. 3to o6'bHCHiieTCii TeM, hto Bce KOScJjcJjHi^HeHTbi yjKe crpynnnpoBaHbi 
no napaMeTpaM, a caMa peKyppeni^HH coflepjKHT tojibko yMHO>KeHHe nnceji. BeiiepniTpacc 
OTflCJibno flOKasbiBacT, hto nncjia Am,n hbjihkjtch i];ejibiMH [261 V:cTp.50]. 3TnMn jkc co- 
o6pajKeHHHMn mm 6yfl,eM pyKOBO^CTBOBaTbCH npn nocTpoennH a- n b §§ 3-4. 

2.3. OyHKij,Hii ^e^eKHHfla. Ho npn^HHe coBnaflennH CTanflapTHbix o6o3HaHeHHH ^jih 
4)yHKi];HH BeftepniTpacca i]{t) h 4)yHKi];HH ^e^eKHnfla, 6yfleM ncnojibsoBaTb ^jih nocjie^- 
nen snaK T7(r): 

oo . oc 

r,(r) =e^" J|(l -e^'^"'") = " ^ (-1)^' e(3^''+'^)"^" . (3Hjiep (1748)) 

fc — 1 fc — — oc 

OyHKi];Hii ^eflCKHRfla CBsisana c (JjynKi^HHMH 5lKo6H-BeHepmTpacca flHC^xJaepeni^HajiBHO h 
ajire6paHHecKH nocpeflCTBOM ypaBHennft 

-^ = -V, 2r,3 = ^2^3^4. 
T] ar vr 



3. PA3J:0>KEHH5I B PJI^H C7-OyHKIj;HH Beheplutpacca 
PeKyppeHi];HH BenepniTpacca Am,n hmcct cjie^yiomyio rpacJjHHecKyio HjijiiocTpai];Hio: 



(m-2, n+1) 




: (m - 1 , n) ]\ (m + 1 , n - 1) 



Ona osHanaeT, hto ^jih BbiHHCjieHHH tohkh (m, n) Heo6xoflHMt.i Bce tohkh jieHcamne BHyT- 
pH yKasaHHoro neTbipexyrojiBHHKa. 

06o3HaHHB [n] KaK u^enym nacTt nncjia n, ne Tpy^HO noKasaTt, hto cJjopMyjia Kjiaccn- 
necKoro cr-pHfla jS]), hbhbim o6pa30M crpynnnpoBaHHaH no x, HMeeT cjieflyiomnii bh^: 



OO I' fc/2 



A, 



k~2u [ ^ 



(4) 



i3u-k,k-2u ■ 92 9-3, f f2A; + 1)! ' 

fc=0 ^=[fc/3] J ^ '' 

06o3HaHHM = p{ijO^\u: , uj') . Tor^a cJjyHKi^HH yflosjieTBopHiOT ypaBnennHM AjitcJ^ena: 



A 2 2 \ 9(7;, 



^ 5x 5e;^ (3(72 

12 (4 - 52 e,) ^ + (^a + 52 x^) '^x 







9x2 3 

OTCiOfla BBiBOflHM anajiorH peKyppeni^HH ^ ^jih flpyrnx CTenenHBix ci-pHflOB: 



fc/2 



e., 52) = E i E 2"^^ »'c-2.,. • et"'9'2 ^ 



2fc 



k=0 1^=0 

24 (n + 1) !B^_3, „+i + (4 m - 12 n - 5) «B^_i, „ 



(2A:)! 



|(m + l)!B„+i,„_i - i(m + 2n- l)(2m + 4n-3)!B™,„_i 



3flecB *Bo,o = 1 H 03,: 



npn {m,n) < 0, a see KOScJjcJjHi^neHTBi QS^.n — i^ejiOHHCJien- 



HBi. BenepniTpacc BBinHCtiBaji peKyppeni^HH ^jih 4)yHKi];HH S\ = a^B npeflCTaBjiennH 

(e;^, = — [2HI II: CTp. 253-4]. Bfci6op TaKHx (JjyHKi^Hit h TaKoro npeflCTaBjieHHH 
no Bcen bh^hmocth flHKTOBajiCH coo6pa>KeHHeM nojiynnTt peKyppeHn;HK) npocTeiimero bh- 
fla. KaK H B cjiynae a-dpyiiKuvivi, ona HBjiaeTCH 4-HjieHHOH. Mojkho nocTpoHTB ynnBepcajiB- 
HBiii psifl fljiH Bcex 4)yHKn;HH a. Onn y^OBjiCTBopHroT flH4)4)epeHn;HajiBHBiM ypaBnennHM 

dE dE ^ dE ^ ^„ 

'^d-.-'^d^r'''W2-^'-'^^ = ' 
2^ ^ ^ ' 







dg2 

1, a E = a cooTBCTCTByeT e = n nponsBOjiB- 
HOMy e^. BejiHHHHa e coBna^aeT c hcthoctbio ^-xapaKTepncTHKH. yHHBepcajiBHbifi pa^ n 



rfle cjiynan = o"^ cooTBCTCTByeT e 
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i];ejiOHHCjieHHaH peKyppeni^HH Tor^a npHMyT cjieflyiomnH bha: 

°° f fc/2 ^ 2k+l-e 

= 24 (n + 1) «^'_3, „+i + (4 m - 12 n - 4 - e) !B^'_i, „ - 

-^(m + l)QS|^^+i^„_i-i(m + 2n-l)(2m + 4n-l-2e)!Bj^^„_i. 

IlpeflCTaBjieHHe ^ HBjiaeTCH 5-HjieHHBiM, b OTjinnne ot 4-HjieHHOH peKyppeni^HH Befiep- 
niTpacca Am,n, ho npeflCTaBjienne (§2,93) flJia 4)yHKi];HH a\ ne cymecTByeT. ITepexofl Meac^y 
napaMH {e^,g2) h (e;^,e^) BsanMHO oflHOSHaneH, nosTOMy ynHBepcajiBHaa peKyppeni^HH mo- 
meT 6bitb sanncana b jiio6om h3 sthx npeflCTaBjieHHii. B nocjie^neM cjiynae peKyppeni^HH 

CHMMeTpHHHa. 

4. CTEnEHHblE P5I^bI ^J:5I 6'-<I)yHKIj;HH 5IKOBH 

IlocKOjibKy ^-(JjyHKi^HH HBjiHiOTCH (JjyHflaMeHTajiBHBiMH o6'BeKTaMH BO MHOPHx Bonpocax, 
MBi npHBeneM fljiH hx CTenennbix pasjiOHcenHii MaKCHMajitno ynpomennbie (KaHOHH^ecKHe) 
cjjopMyjibu. He Tpy^no BH^eTb, hto sthmh pHflaMH 6yflyT pHflbi c K03(J)(J)Hi];HeHTaMH, no- 
jiHHOMHajibHbiMH HO nepeMeHHbiM r/(r), '^(t). 3to cjieflyeT h3 OHeBH^Hbix cJjopMyji 

di{x\T) = ^r/3(r)-e"^^''^"^''V(2x|r) , 9,{x\t) = i?,(t) •e~^''^"^'^'V,_/2x|T) . 

Sflecb, BMecTO BeftepniTpaccoBCKHx npeflCTaBjiennH b nepeMennbix g2,g^,e^, jiorHnnee hc- 

nOJIbSOBaTb HX SKBHBajieHTbl B ??-KOHCTaHTaX. BbipajKeHHH flJIH TOHCK BeTBJieHHH He- 
peS T?-KOHCTaHTbI XOpOmO HSBeCTHbl. B CBOK) Onepeflb, ??-KOHCTaHTbI CBHSaHbl TOJKfleCTBOM 

5Iko6h i?3 = 'i^l+i?!- 3to nosBOjiHCT ^ejiaTb nepexoflbi Meac^y npeflCTaBjiennHMH, Bbi6HpaH 
npoH3BOjibHyio napy. By^eM roBopHTb {a, P)-npedcmaeAeHue, ecjiH (JaopMyjibi sanncaHbi 
nepes KOHCTanTbi {'&ao,'&oi3) npn {a, (3) 7^ (0,0). 

4.1. OnepaTop AjibcJjeHa. OnepaTop ^ hmcct KaK BeflepniTpaccoBCKHe npeflCTaBjiennH 



TaK H ??-KOHCTaHTHoe. HanpHMep b npeflCTaBjiennH {'&2i'&a) oh BbirjiHflHT Tax: 

06o3Ha"qHM (a) = (—1)". 06n],ee (a, /5)-npeflCTaBjieHHe onepaTopa Ajibcjaena hmcct bh^ 
2 2 J) 

^ = + 2 (a) T?i - y + 2 (/3) ^fo <) • 

IlycTb e onpeflejiHCTCH no neTHOCTH xapaKTepncTHKn 4)ynKi];HH 9aj3{x\T): 
_ {ap) + 1 Je = npn 6'q,/3 = ± 6*1 

2 le = 1 npn ^q,/3 = ± 6*2,3,4 



■^HcTopHHecKHH KOMMeHTapHH. KpacHBbie peKyppeHL(HH Ha njiocKOCTH (anajiorH Am,n) BeftepniTpacc 
nojiy^aji eme b 1840-x roflax, Kor^a nojibsOBajica cbohmh (J)yHKL(HaMH Al^ ho ne aKo6HeBCKHMH O n H 
[261 I]. Torfla ace nosBHjica BajKHbiit MHOJKHTejib e^^ , a hotom h (JjyHKifHa a. HpHMepHO b sto ace BpeMa 
5Iko6h paccMaxpHBaji CTeneHHtie pasjioaceHna fljia cbohx (JsyHKLfnii (cm. flajiee § 7). 
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Torfla ypaBHCHHe ^ na cJjyHKi^HH H = {a, ) npHHHMaeT bh/i, 



2) 



3to JKe ypaBHCHHe b (a, /3)-npeflCTaBjieHHH hmcct bh^ 
52 H 



:D H + { e,, (^) + ^ + (" + /?) ^lo + ] x2 } H = , 



(7) 



r/];e, ne saBHCHMO ot (a, /?)-npe/];cTaBjieHHH, e^s{'d) cooTBeTCTByiOT cJjyHKi^HH a hjih 



600 — Oj 601 — Ci 



IlpeflCTaBjieHHe nasBiBaeTCH co6cTBeHHbiM (cHMMeTpHHHBiM) ecjiH {^,6) = (a,/3). 

CTeneHHBie pasjioJKeHHH ^jih ^-cJjyHKi^Hii, KOToptie nocjie^yiOT ^ajiee, nojiynaiOTCH, hc- 
nojibsyH pasHbie npeflCTaBjiennH onepaTopa 2) b ypaBHennH ^ na (JayHKi^nio H. Mbi onyc- 
KaeM flCTajiH bbiboaob h ^OKasaTejiBCTB. 

4.2. ®yHKii,H5i 9i. PasjiOHceHHe 4)yHKi];HH 



i)^^X\T} = ^ Ck{T}-X- 

onpeflejiaeTCH anajiHTHHecKHMH BbipajKennHMH 



„2k+l 



(9) 



h{x\T) 



00 
fc=0 



(2/c + l)! dr'^ 



(10) 



2 \ U 



k=0 



6 ; (fc-i/)!(2!/ + l)! 



rfle nOJIHHOMbI Afu{^), B SaBHCHMOCTH OT K0M6HHai];HH "i^-KOHCTaHT, HMeiOT BHfl 



= Yl 



s=0 



4s n4(i/-s) ^ 



> . 



L[ejiOHHCJieHHaii peKyppeni^Hii ©m,n (®o,o = 1) s^ecb BbirjiHflHT cjie^yiomHM o6pa30M: 
<Sm,n = 4(n-2m- l)6m,„_i -4(m-2n- l)6m_l,„- 
-2(m+n- l)(2m + 2n- l)(6m-2,n 

PeKyppeHI];HH ©rra,n aHTHCHMMeTpHHHa: &rn,n = ( — 1)™'+" &n,m- MoJKHO BbinHCaTb npCfl- 

CTaBjienne Tnna = ^ Cmnp 9™ 93 x'' nepes peKyppeni^Hio BeiiepniTpacca, ho C5m,n 
scJxJjeKTHBHee peKyppeni^HH Am,n, TaK KaK nojiHHOMbi yace crpynnnpoBaHbi no ??-KOHCTaH- 
TaM. Otmcthm tot (JjaKT, HTO npoHSBOflHbie 6i'''^^\0\t) , t. e. BbipajKenHH nepe^ x^^~^^ b 
([^ HTUll . renepHpyiOT nojiHHOMbi no {r],'d), KOTopbie Tonno nnTerpnpyiOTCH k pas no r. 
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4.3. ®yHKIl,HH ^2,3,4- PaSJIOHCeHIie (JjyHKI^HH 6\p\ = ±02,3,4 BHfla 

oo 2 

OYMr) = Yl Ct'\r).x'' = ^{}] - ^{^] {2rj + ^({0) ^[-f - (a) ^UUf)} + ■■■ (11) 



k=0 

onpeflejiHCTCH anajiHTHHecKHM BbipajKeHneM 



B co6cTBeHHOM npeflCTaBjieHHH pH/i; p2|) hmcct crpynnHpoBaHHtiii bh/], 

ci(.k)^*iE(-^)' E(-^)"tS^=' (13) 

c yHHBepcajiBHoii i^ejiOHHCJieHHoii peKyppeHi^neft ((5o"o'^^ = 1) cjie^yiomero BH/],a: 

V 

= (a) (4n - 8m - 3) - (/j) (4m - 8n - 3) 

_ 2 (m + n - 1) (2 m + 2 n - 3) (©^f „ + + ©^^f „_i + S^^^'^^) • 

XoTH 3TH i];ejiOHHCJieHHfcie peKyppeHi];HH hbjihkjtch Bnojine scJjcJjeKTHBHbiMH, HMeroTCH 
flonojiHHTejiBHBie CBolicTBa, coKpamaiomHe BbiHHCjieHHH HanojiOBHHy. Chmmctphh pexyp- 
peHi];HH ©miri no nepecTanoBKe HHfleKCOB onpeflejiaeTca cJjopMyjiaMH 

f«(a,/3) _ \{m+n)(c« + /3 + l) (R{c«,/3) (« (/3 _ / _ i \ (m+n) (c« + /3) rtJ(c«,/3) 

3to osHanaeT, hto (JjaKTHnecKH HMeroTCH tojibko ^bc peKyppeni^HH: npn a = {1,0} h 

P = 0. 0603HaHaH &mfn = ^m,n, Mbl 6yfleM HMCTb: 

(S[;j;„ = (a)(4n-8m-3)6^;„_i-(4m-8n-3)0^Li,„- 

_ 2 (m + n - l)(2m + 2n - 3){&-l,^^ + (a) <5'^\^_^ + &:^^^_^) 
BbimeyKasaHHaH nepecTanoBKa HH^eKCOB cboahtch Tor^a k cJjopMyjiaM 



(«(°) ^ ('_-| («(0) ^ (« 



(1) 



PasjioJKeHHH pop H (I13p OTjinnaiOTCH jinnib MHOJKHTejieM h bh^om peKyppeni^HH. Hx 
MOJKHO 06'beflHHHTb B oflHy (bbo^h HeTHOCTb e) , HO BejiHHHHa (a) ocTacTCH, XOTH {m,n)- 

SJieMCHTbl MaTpHU; 0''^'") OTJIHHaiOTCH JIHint. 3HaK0M. 

MeTHbie npoHSBOflHBie 0a^\O\T), t. e. BbipajKennH nepe^ x'^^ b (fTTl) . (fTSl) ^aiOT 6ecK0- 
HCHHoe ceRieiicTBO nojinnoMOB no {ri,{}), KOToptie tohho HHTerpnpyiOTCH k pas no r. Hx 
HHTerpHpyeMOCTb ecTb cjie^CTBHe ^HHaMnnecKon CHCTCMbi, paccMaTpnBaeMon b § 7. 

HcnojibsyH sth pasjioJKennH mojkho ctpohtb pasjioJKenHH b TonKax x = |ib^, ib^}. 
PHflbi, c TonnocTbio flo OHeBH^nbix MOflncJaHKai^Hii, 6y/];yT nepexoflHTt. flpyr b ^pyra. 



5. ^H<I)<I)EPEHLI,HPOBAHH5I <I)yHKIJ,HH (cJ, C, P, P') 

/],H(|)4)epeHi];HpoBaHHH (JayHKi^HH BenepniTpacca no nnBapnaHTaM nsBecTHbi [131 I], |23l 
IV]. IlpaBHjia nepexofla Meacfly flncJxJjepeni^npoBaHHHMH no {§27 9^) h {uj,uj') paccMaT- 
pHBajiHCb BeitepniTpaccoM n o^noBpeMenno c nnM — <I>po6eHHycoM n inTHKejib6eprepoM 
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(1882) 06o3HaHHM snaK OTHomeHiia nepnoflos KaK s = si0n^S(^) Tor^a, npiijiaraa 
3TH npaBHjia h ynpomaa, nojiynaeM cjie^yiomHe 4)opMyjibi: 



da 
duj' 

K 

duj' 

dp_ 
duj' 

dp' 



^ {2 (w'C - X r?') P + W (p' - i X 92) + 2 7?'C} 

;^{2(wC-2;r/)p +w(p'-ix5r2) +2??c} 
^ {2 (w'C - X r/') P' + 4 (w'p - ?/') P - I 

;^|2(u;C-x?7)p' +4(wp-r?)p -'^ujg^ 

- {6 (w'p - r?') p' + (w'C - X r/')(12 P^ - 52)} 

- {e (w p - r/) p' +(a;C-xr/)(12p^ -52)} 



C^U;' TT 

IlojiaraH b sthx ypasHeHHsix (w = 1, u;' = r) h s = 1, Mbi npHxoflHM k flHHaMHHecKoii 
CHCTCMe ypaBHeHHH c napaMCTpoM x: 

da_ 
dr 



vr 



dT 

dp 
dr 



e + 2rj{xC-l)-^g2X^]a 
^{p' + 2(C-xr/)p + 2?7C-^52 2;} 
^^2{C-xrj) p' + 4(p-??)p- ^52} 



^ = _l{6(p-r?)p' + (C-xr/)(12p2-g2)} ^ 

OTCiofla cjie^yeT, hto ^HcJjcJjepeHi^HajibHaii saMKHyTOCTb Tpex BeftepniTpaccoBCKHx cJjyHK- 
Him p, p', HSBecTHasi no nepeMenHoft x, HMeeTCH TaKJKe h no r, hto ^onojiHHTejibHO 
o6o3HaHeHO npaBofi cko6koh. B cboio onepeflb, flH4)4)epeHn;HajibHaii saMKHyTOCTb koscJ)- 
cj3Hn;HeHT0B 52 '^3'^ tojkc HSBecTna (cm. ^ajiee ypaBnennH (jlSp ). 

^H4)4)epeHn;HajibHbie ypaBHenna no nepeMennbiM x, oj, u>' , t ne coflepjKaT BejiHHHHy g^. 
Ona, B saBHCHMOCTH OT npeflCTaBjienHH x hjih r, siBjisieTCii jih6o ajire6paHHecKHM HHTerpa- 
jiOM 3THX ypaBHeHHH g^{p, p') = 4p^ — (72 p — P'^, jih6o, ho 3T0H >Ke 4)opMyjie, OHpe^ejiiieT 
(J^HKCHpoBannyK) ajire6paHHecKyK) cbhsb MejKfly nepeMennbiMH p n p'. 

®yHKn;HH a{x\T) y^OBjieTBopsieT flH(J)4)epeHn;HajibH0My ypaBnennK) b nacTHbix npoHS- 
BOflHbix, KOTopoe HBjiHeTCH anajioroM ypaBHCHHH TenjionpoBOflHOCTH ^jih 4)yHKn;HH 0{x\t): 

. da d'^a ^ da / 1 2\ 

KajK^aa h3 4)yHKn;HH p, p'(x|r) yflOBjieTBopaeT o6biKHOBeHHOMy flH4)4)epeHn;HajibHOMy 
ypaBHeHHK) BToporo nopHflxa no nepeMenHoit r c nepeMenHbiMH K034)4)Hn;HeHTaMH ^2 3; ^) 
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a 4)yHKi];HH a — ypasHeHHio nopaflKa 3. HanpHMep cJjyHKi^HH Z = ^ — x rj yflOBjieTsopaeT 
ypaBHeHHK) 2-ro nopH^Ka, nojiynaeMoro HCKjiiOHeHHeM nepeMCHHOH p h3 flByx nojiHHOMOB 

{TTiZr + 2{p + r]) Zf = 4p^ -g^p-gs, 

- Y %^ = y + P - 2 r/) ^ + (p + r/) Z2 - p2 + ^ p _ ^2 ^ 1 _ 
MojKHO noKasaTb, hto ypaBHeHHH na Z, p, p' ne co^epjKaT x. IlojiHbra cnncoK ypaBHeHHit 

H HX ^-SKBHBajieHTOB Mbl HC npHBOflHM, TaK KaK OHH HC flOCTaTOHHO KOMnaKTHbl (cM. § 9). 

6. ^HHAMHHECKHE CHCTEMbI HA 6'-<I>yHKIJ,HH 

B 3T0M H cjie^yromeM naparpacj^e mbi onncBiBaeM HOBoe h (J^yH^aMeHTajiBHoe cbohctbo 
6 H ^'-4)yHKi];HH 5Iko6h — ohh o6jiaflaK)T saMKnyTBiM flHcJjcJjepeHi^najiBHbiM HCHHCJieHHCM. 

6.1. ^H4)(J}epeHii;HajiBHMe ypaBHeHHsi no x. HaTb (JjyHKi^Hii 

yflOBjieTBopHMT saMKHyTbiM o6biKHOBeHHbiM aBTOHOMHBiM flH(J)(J)epeHi];HajibHbiM ypaBHe- 

HHHM C K034)4)HI];HeHTaMH '!?2,3,4 H V- 



902 _0'l a _ „q2 ^3^4 96 i _ 0[ ^ _ ^2^3 96 1 _ ^, 

■ (14) 



9^3 _ e[ ^ ^2 02^4 _ 6'^ ^2 



3th ypaBHeHHH cjie^yroT h3 cooTHomeHHit MejK^y BenepniTpaccoBCKHMH cJjyHKi^HHMH 
((T, p)(x|r), B3HTBIMH B pasjiHHHbix ^-nepHOflax. YHHTbiBaH TO, HTO I?! = 0, o6n],aH 3a- 
HHCb x-flHcJxJjepeni^HpoBaHHH 4)yHKi];HH ^1,2,3,4 HMCCT BHfl: 

96k e\ , .2 ^u6u 8 fc - 28 10 - 28 

Pe^KO BCTpenaiomHecH ^HcJxJjepeHi^HajibHbie cooTHomeHHH Mem^,y HKo6HeBCKHMH pa^aMii^ 
^^-^f=^4-p^^m{--f^) (fe = 2,3,4) (15) 

HBjiiiKJTCH cjieflCTBHHMH ypaBHeHHH (|14|) . ccjiH MejKfly HX 0-pemeHHHMH donoAHumeAbHO 
HaAootcumb (cm. §9.1-2) nsBecTHbie nojiHHOMnajibHbie ^-TOJK^ecTBa 

BiQn{u -^,).{}lel = ^1 6l - el {k = 2, 3, 4) . 

To>KflecTBO 5Iko6h 'd'^ = it '&2'&2,'&4:-, 06 hsbccthbix flOKasaTCJibCTBax KOToporo b [6l CTp. 345] 
CKasano, hto "hh oflHO h3 hhx ne siBjisieTCH npocTbiM", cctb aBTOMaTHHecKoe cjie^CTBHe 
ypaBHeHHH (|14p . bshtbix b tohkc x = 0. B paBHoii CTenenn sto othochtch h k o6o6meHHHM 
3Toro TOJK^ecTBa, npeflCTaBjiennbix ^ajiee (JjopMyjiaMH (|22H23p . 

B C-4)opMe, flHcJjcJjepeni^HajibHbie cooTHomenHii (|15p BeftepniTpacc nojiynaji b o6paT- 
HOM nopHflKC [271 § 24-25] : flHcJjcJjepeni^HpyH c-TOJKflecTBa h HCHOJibsyH flHcJjcJjepeni^Hajib- 
Hbie ypaBHeHHH na OTHomeHHH (j-cJjyHKi^HH. Otmcthm, hto cymecTBenHbiM HBjiaeTCH ne 

TOJIBKO HOpHflOK paCCMOTpeHHH, HO H HOHBJieHHe B (JjOpMyjiaX, HOMHMO TOHeK BeTBJieHHH 



^9th BajKHbie cooTHonieHHa HenBHO npncyTCTByMT y 5Iko6h |16I I], ho ne nonajiH flaace b noflpo6HBiH 
cnpaBOHHHK no sjiJinnTHHecKHM cJjyHKifHHM |27| . cocTaBJieHHtiii UlBapifeM na ochobb jibkiihh BeiiepniTpac- 
ca, H caMH jieKL(HH |26j . flH(J)(J)epeHii;HajiBHbie ypaBHeHna na OTHonieHna S-(J)yHKii;Hit xoponio nsBecTHBi |27j . 
[6l §21.6]. 9to co6cTBeHHO flncJjcJjepeHLfHajibHBie ypaBHeHHH na sjiJiHHTHHecKHe (JjyHKifHH. 
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(t. e. i?-KOHCTaHT) , BejiHHHHbi rj h naToro ypasHeHHH. Hhbimh cjiOBaMH, b /^Hcf^cJjepeH- 
i],HajibHOM annapaie c HeH36ejKHOCTbio noHBjiaeTCH 4)yHKi],HH 0' h nepnofl MepoMop4)Horo 
sjijiHnTHHecKoro HHTerpajia 77. 

KaK OTMeneHO bo BBe/i;eHHH, npe/i,Bi/^yTTT,He pe3y.JibTaTbi ecTecTBCHHO 6bijio ojKHflaTt h c 
6ojiee o6n],eH tohkh speHHJi. A iiMeHHO, npHBjieKaa a6ejieBbi sjijiiinTHHecKHe HHTerpajibi. 
B caMOM flejie, fliicJjcjjepeHi^HajifcHyio saMKHyTOCTt o5pa3yiOT MepoMopcjjHbie h jiorapHcJ)- 

MHHeCKHe SJIJIHUTHHeCKHe HHTerpajIbl. 3jIJIHnTHHeCKHe cj3yHKLI,HH HBJIHIOTCH HX HaCTHblMH 

cjiynaHMH, Kor/^a sjurnnTHHecKHH /^Hcj3cj3epeHTi;HajT siBjisieTCH tohhmm. JlorapH(J)MHHecKHH 
HHTerpaji BbipajKaeTCH nepes jiorapHcjjMbi OTHomeHHH ^-cjjyHKi^HH, a KaHOHHHecKHii Mepo- 
MopcjjHbiii HHTerpaji (i.e. seiiepinTpaccoBCKaH cjayHKi^HH (^) co^epiKHT 9'. 

6.2. ^HcJjcJjepeHiiiHajifaHbie ypaBHeHHa no r. QyHKi],HH ^1,2,3,4 h G'l yflOBjieTBopaioT 
saMKHyTbiM o6biKHOBeHHbiM HeaBTOHOMHbiM flHcj3cj3epeHLi,HajibHbiM ypasHeHHHM no r: 



d9i 
a7 


— i 
47r 


012 

9i ^ 






{^ + ?^(^^ + ^l)}-^i, 


892 
dr 


— i 


K_ 






{^ + g(^t + ^l)}-^2, 


093 
dr 


— i 




i ,2 n' ^26*4 
+ 2'^3'^1 ^2 




{^ + S(^l + ^!)}-^3, 


894 


— i 


-91^' 


+ 2^4-t^l ^2 






d9[ 
57 


— i 
Aw 


9f 

— L _|_ 
91 ^ 









06iii,a5i sanncb npaBHji r-flHcjacjaepeHi^HpoBanHH ^-cjaynKi^HH HMeeT bh^: 

' ^ = f + ^ ^^^'i ^ + T {^i - ^^^^ - ^l<} I + 

, i r , TT^ /a4 , Q4^1 /) 8A;-28 lOfe-28 ..^n 

901 — i 0? 3i Ttt^ n2 n2 ^2 , , TT^ / „4 , „4x 1 „, 7r^ . ^2 o2 o2 ^203^4 

He jiHniHHM 6yfleT OTMeTHTb, hto sth flH4)4)epeHLi,HpoBaHHH He Bnojine CHMMeTpHHHbi. 

7. ^HOOEPEHIj;HAJlbHOE HCHHCJIEHHE 7?, ry-KOHCTAHT 
^HcJxjjepeHniiajibHyio saMKHyTOCTb o6pa3yiOT KOHCTaHTbi '&2,3,4, flono.)iHeHHbie rj: 

(17) 

^ = i + S W - *1) } *3 , ^ = i { 2 - + .1 + .S) } . 

^H4)4)epeHi];HajibHbie cooTHomeHHH na jiorapncJjMbi OTHomeHHft HKo6HeBCKHx pa^OB i?2 '■ 
??3:??4, a TaKsce HSBecTnaa flHHaMHHecKaa cncTeMa Ajib4)eHa h ee MHoroHHCjieHHbie pas- 
HOBHflHOCTH HacTO BCTpeHaiOTCH B jiHTepaType. Ohh nopojK^aTOTCH CHCTeMoil ypaBHeHHil 

^.i(s,,_i2,). ^-K^"^-^-)- 
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KOTOpaa HCHBHO noHBjiHjiacB y BenepniTpacca |26l II: CTp. 249] h BbinHCbisajiacB Ajibcjje- 
HOM [131 I: CTp. 331, 449-50]. 3KBHBajieHT cncTeMbi ypaBHeHHii (fTSl) nojiynaji TaKHce Pana- 
HyflHcan fljia cbohx TeopeTHKO-HHCjiOBbix g-psiflOB. Cm. nanpHMcp pa6oTy [H § 1] h ^onoji- 

HHTejIBHyiO HHcJjOpMai^HIO B Heft. HhBIMH CJIOBaMH, flJIH flHcJxJjepeHI^HajIBHOrO SaMblKaHHH 

Heo6xoflHMO pacniHpHTb CHCTCMy Ajibcjaena (fTSl) flo ee HCTHO-MepHoft BepcHH (|17p . 

^o6aBHM ciofla, hto na nocjieflnee ypaBHenne chctcmbi (fTSl) mojkho cmotpctb KaK na 
ypaBHCHHe PnKKaTH h, cjieflOBaTejiBHO, nojiyHHTt. HeTpHBHajibHbift npHMep cooTseTCTBy- 
lomero pemaeMoro jiHHeftHoro flHcJjcJjepeHi^HajiBHoro ypaBHennH 2-ro nopH^Ka. KoscJjcJjh- 
u^aenT SToro ypaBHennH nponopi^HOHajien 52(^) ^ HBjiHeTCH BCiOfly rojiOMopcJjHoft b EI"'' 
aBTOMop(J)Hoft (JjopMoft OTHOCHTejiBHO rpynnbi r(l). BbinojiHHH BbinncjienHH, yKasanHOMy 
ypaBHeHHK) h ero pemeHHK) mojkho npn^aTb cjie^yiomHii bh^ [9]: 

BoSBpamaSICb K CHCTCMe ([T7| SaMCTHM, HTO BepOSITHO HCHSBeCTHblM HBJIiieTCH TO, HTO 

ee flpyrne Bepcnn y>Ke BbinncbiBajiHCb 5Iko6h b cbhsh c pasjioJKeHHsiMH ^-cJjyHKi^nft b CTe- 
neHHbie ph^h (ynoMHHaHHH SToro hct TaK>Ke y AjibcJ^ena). 3th pesyjibTaTbi 6bijiH ony6- 
jiHKOBaHbi BopxapflTOM Ha ocHOBe 6yMar ocTaBmnxcH nocjie 5Iko6h [161 II: CTp. 383-98]. 

5Iko6h nojiyHHji KpacHByio flHHaMHnecKyKi CHCTeMy na neTbipe cJjyHKi^HH (^4, B, a, b) [161 
II: CTp. 386], KOTopbie, b Hainnx o6o3HaHeHHHx, siBjisiroTCH pai^noHajibHbiMH (JjyHKi^HsiMH ot 

KBaflpaTOB '(?-KOHCTaHT: 

H noKasaji, hto c noMombio nee mojkho nojiynaTb CTcnenHbie pasjiOHcennH ^-cJjyHKi^nft. 

(CHCTCMbl (|14P H (I16|) HMCIOT CBOHMH KOScJxJjHI^HeHTaMH TOJKC KBaflpaTbl ??-KOHCTaHT) . Oh 

TaKHce saMCTHji, HTO pasjiOHceHHH nojiynaiOTCH npocTbiMH h hmciot peKypcHBHbift bha, 
ecjiH BbiflCJiHTb 3KcnoHeHi];HajibHbift MHOJKHTejib e~2^^^ p6] II: CTp. 390]. OaKTHnecKH 
— 9T0 peKyppeHi];HH Tnna Ajibcjaena ^ flJiH cr-cJjyHKi^HH BefiepniTpacca. 5Iko6h TaKJKC 
npefltHBHji flBa KanoKHHecKHx npeo6pa30BaHHii nepeMennbix (A, B,a,b), coxpaHHiomHe 
BHfl ypaBHeHHH. 

Ilepexofl MCJKfly nepeMeHHbiMH b BbimeynoMsiHyTbix CHCTCiviax ne Bcer^a BsaHMHO OflHO- 
SHaHCH, HO Bcer^a ajire6paHHeH. Bee ohh hbjihiotch cjic^ctbhsimh uacmHUX HHTcrpajiOB 
ypaBHeHHH (|17p . noTOMy hto nepeMenHbie, (JjHrypHpyromne b sthx cncTCMax, oflHOsnan- 
HO pai];HOHajibHO BbipajKaroTCH nepes HKo6HeBCKHe KoncTaHTbi i?, rj. PoflCTBennaii flnna- 
MHHecKaa cncTCMa BOSHHKajia y 5Iko6h eme panbine, Kor^a oh nojiynaji CBoe nsBCCTHoe 
ypaBHCHHe na ??-pHflbi [161 II: CTp. 176] (o6o3HaHeHHH 5Iko6h) 

C^(lnC3c^^)J = leC^ar-vr^, C = ^'"^ . (19) 

B CBOK) OHcpeflb, B KanecTBC cjieflCTBHH H3 (fT9l) . He Tpy^HO HOKasaTb, hto JiorapncJjMHHe- 

CKHC npOHSBOflHbie OT T?-pHflOB TOJKC yflOBJieTBOpSIKJT KOMHaKTHOMy flHcJjcJjepeHi^HajibHOMy 

ypaBHCHHio, KOTopoe noHBHTCH y Hac B § 9.4. 3to ypaBHenne h ero o6n],ee pemeHne Bbirjia- 
flHT cjieflyiomHM o6pa30M: 

[X^ - 2 X'^)XrrT - + 16 X^Xrr + 4 (X^ - 6 X^) = , 
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06n],eH3BecTHO, hto flH4)4)epeHLi,HajiBHbie BbipajKeHHH Tnna 

yflOBJieTBOpHIOT ypaBHCHHIO IIIasH 

vrr/,,, = 12 i (2 r/r/,,- 3 ry2). (21) 
B saKjiiOHeHHe naparpacjja saMCTHM, hto (JaopMyjiti ^jih MHoroKpaTHoro flHcJacJaepeni^Hpo- 

BaHHH r/-KOHCTaHT HBHO flaKJTCH KaK KOSCjjcJjHI^HeHTbl pHflOB (llOP H (I12H13|) . 9tH JKC 
KOSCjjcJjHI^HeHTbl flOCTaBJIHKJT o6mHe BbipaJKeHHH flJIH BejIHHHH 9^"'\0\t) . SaMCTHM, HTO CO- 

OTHomeHHH MejKfly 9^^\0\t) npn MajiBix n nacTO HcnojibsyroTCH b jiHTepaType KaK Bcno- 
MoraTejiBHbie TOJKflecTBa [31 [23l [25l [6l [19] . 

8. 0-<I>yHKLI,HH C XAPAKTEPHCTHKAMH 

IlpeflbiflymHe pesyjiBTaTbi, ncnojibsyH HOTai];HK) c xapaKTepncTHKaMH, nosBOJiHMT ne tojib- 
KO yHHcJjHi^HpoBaTb (JjopMyjibi, HO H MoryT cjiyjKHTb npeflMeTOM ^jih flajiBHeiiinHx o6o6- 
meHHH Ha Bbicmne pofla. 

8.1. (a, /3)-npeflCTaBjieHHii. B (a, /?)-npe/];cTaBjieHHH mohcct 6biTb sanHcan jiio6oh 0613- 
eKT, CHMMeTpHHHbiH HO ^9-KOHCTaHTaM. HanpHMcp, HpeflCTaBjieHHe TOHCK BeTBjieHHH Hepes 

"i^-KOHCTaHTbl ((H|) HJIH (o, /3)-npeflCTaBJieHHH flJIH HHBapnaHTOB 52 3- 

4 

92ir)= ^{€o+{c^ + P)'&toK + ^op} , (a,/3)/(0,0) 

53(t) = ^ {2 m €1 - 3^to < ^t, - («) i?fo) - 2 (a) . 

^pyrofi npHMep — TOHc^ecTBO ??3 = "i?! + h cJjopMyjia 5Iko6h 'd'l = Inrj'^, KOTopbie b 
(a, /3)-HpeflCTaBjieHHH hmciot cjieflyiomnfl bh^: 



2 

^?a/3(r) = (1 - {a/3)) -TT T73(^) , i9^^(r) = 0^^(Oh 



(22) 



8.2. npeo6pa30BaHHii nponsBO^Hbix npn c^Bnrax. B caMOM o6n],eM cjiynae, Kor^a 
^9'-K0HCTaHTa ecTb SHaneHHe HpoHSBOflHofi ot ^-cJjynKi^HH b nexoTopoM |-HepHOfle, cjjop- 
Myjia 5Iko6h (|22p o6o6n],aeTCH b cjieflyiomee BbipaHceHne: 

0L/3{^ + Y^\^)= ■^'-''^"'"'■^ {i'-'-il - ((« + m)iP + n)» -T,^ - mi?[;::]} e"^'"'" . (23) 

B 9T0H cJ)opMyjie, b CHjiy HeTHOCTn/HeHeTHOCTH xapaKTepncTHKH (|(a + m)(/3 + n)^, Bcerfla 
ocTaeTCH cjiaraeMoe co^epjKamee jih6o ?7^, jih6o 

Ajire6paHHecKaH h ^HcJjcJjepeHi^HajibHaii saMKnyTOCTb (JjynKi^Hii 5Iko6h c i^ejiOHHCJien- 
HbiMH xapaKTepncTHKaMH Be^eT k saKony npeo6pa30BaHHH hpohsbo^hbix ot ^-cJjyHKi^Hit 
npn cflBHrax apryMCHTa. A hmchho, Jiio6aH (JjyHKi^HH ^q/3(x|t), c apryMCHTaMH, cflBHHy- 
TbiMH Ha npoHSBOJibHbie ^-nepnoflbi, BbipajKaeTCH nepes (JaynKi^Hio 6[{x\t) h Bce flpyrne 

4)yHKI];HH ^1,2,3,4(2^|''")- OKOHHaTejIbHblH OTBGT HC HEJIHCTCH npOCTbIM /];H(J)(J)epeHI];HajIbHbIM 

cjieflCTBHCM (JjopMyjibi (m H ero cjie^yeT paccMaTpnBaTb KaK flOHOJinenHe k new. 



a-|-TTil 

/3 + Tl 



f. 


Q ri— a— m 






^[ . 
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IlpH X = Haflo BOcnojibsosaTBCH npeflbiflymefl (JjopMyjiofi (E^ . 



8.3. Mo;j;yjiiipHoe npeo6pa30BaHHe cJ)yHKii,HH 9i h rj. IIomhmo TeopeTHnecKHx pac- 

CMOTpeHHH, MOflyjIHpHbie npeo6pa30BaHHH HBJIHIOTCH Heo6xOflHMbIMH npH BblHHCJieHHH 

6, ?7-4)yHKi];HH, xoTH npHMeHHTejiBHO K CBoficTBaM ^-4)yHKi];HH Bcerfla yKasbisaeTCH "c toh- 
HOCTBK) flo HCKOToporo KopHH BOCBMOH CTencHH H3 eflHHHi];bi", a nojiHbiH ajiropHTM ero 

BblHHCJieHHH OCTaBJIHeTCH B CTOpOHC. MeJKfly TCM H3 (JjOpMbI ^-pHfla BHflHO, HTO 6e3 TaKO- 

ro ajiropHTMa pHfl, KOTopbiii MOJKeT 6biTb npHBe^en k «rHnepcxoflHmeHCH» cJjopMe, MOJKeT 
0Ka3aTbCH npocTO ne bbihhcjihmbim. 

06n],ee PSL2(Z)-npeo6pa30BaHHe ^jih cJjyHKi^HH 6i 3aMKHyT0 b ce6e, hto OTjinnaeT ee 
OT (J)yHKi];HH ^2,3,4 (§8.4). Mbi npHBCfleM caMOflOCTaTOHHyio (JjopMyjiy, KOTopaH, no Bceii 
BHflHMOCTH, TaK H HC 6bijia npcflCTaBjieHa B jiHTepaType. Be3 noTepn o6mHOCTH Bcer^a 
MOJKHO CHHTaTb, HTO B MaTpHi];e rf) ^ PSL2(Z) BejiHHHHa c > 0. Mbi Tor^a HMeeM: 



CT + d 



Stti 



ar + b 



d 



ae 



a — d _ 
12 c 



ae 



H3BeCTH0, HTO MHOJKHTejIb ae MOJKeT 6bITb BbipaJKCH Hepe3 CHMBOJI 5Iko6h (3pMHT 

[Til I: CTp. 482-86]; cm. TaKJKe ^20* CTp. 183-93], II: CTp. 57-8], [25l CTp. 124-32]), ^jih 
KOToporo cymecTByKJT caMOCTOHTejiBHbie npaBHjia BbiHHCJieHHH [23| . IlpefljiojKeHHbie cjjop- 
Myjibi coflepjKaT ynpomennH cyMM ^e^eKHH^a (o hhx cm. [7j), a ^jih caMoii cJjyHKi^HH r] 
MBI hmccm: 



ar + b 
cr + d 



a — d ei 

12 c 6 



(2c-3)+^sign(d)-i + i ^ fc[ffc] 



yJcT + d r]{T) 



Vir + iV) 



1 o ^ ^ 



r7(r) 



Moflyjiapnoe npeo6pa30BaHHe ^jih 0^, KaK oflHoii h3 6a3HCHbix (JayHKi^Hit, nojiynaeTCH b3h- 

THCM npOH3BOflHOH OT (JjOpMyjIbI npeo6pa30BaHHH flJIH 01. 

8.4. OGmne MOflyjiapHbie npeo6pa30BaHHii. BajKHbiM momchtom 3flecB hbjihctch tot 
cjaaKT, HTO TaKHC npeo6pa30BaHHH mojkho paccMaTpnBaTB h bbiboahtb hc KaK CTopon- 
HHC CBoiicTBa pHflOB, a KaK cjiCflCTBHC flH(J)(J)epeHi];HajiBHbix ypaBHCHHii (ll4f[T711 . Tonnee, 

3TH ypaBHCHHSI flOnyCKaKJT aBT0M0p(J)H3MBI, a HX HBHBlil BHfl OnpCflejIHCTCH Hepe3 HCKO- 
TOpBlil flpo6HO-JIHHeHHbIH aH3ai];. To HTO oh flpo6HO-JIHHeHHbIH, MOJKHO OnpeflCJIHTB H3 

nenpepbiBHbix CHMMeTpnit ypaBHCHHii. 3to ^ajKC ne HcnojiB3yeT tot cJjaKT, hto pemennH 
BbipajKaiOTCH Hepe3 ^-pH^bi (cm. §9). Bojiee Toro, caMO najinHne flHCKpcTHoro aBTOMop- 

(J)H3Ma CJICflyCT H3 TOrO, HTO KaJKflaH (J)yHKI];HH 9k yflOBJICTBOpHCT OflHOMy H TOMy JKC 

o6uKHoeeHHOMy flHcJacJaepeni^HajiBHOMy ypaBHCHHio (§9.3). AnajiornHHO — ^jih (JjyHKi^Hit 
•dk- TaKHM o6pa30M cpa3y naxo^HTCH flBa npeo6pa30BaHHH, nopojK^aiomHe MOflyjiflpnyio 
rpynny: r i— > r + 1 h r Mbi onycKacM no/];po6HOCTH k sthm yTBepjKflenHHM, 

KOTopbie MoryT 6biTb nacTKHHO H3BjieHeHbi h3 npoi];eflypbi HHTerpnpoBaHHH b §9.5. 

06n],HH OTBCT, KaK H nepBblfi npHMCp HCTpHBHajIBHOrO HCnOJIb30BaHHH MOflyjIHpHblX 

(JjopMyji, 6biji flan 3pmhtom npn nojiyneHnH ero 3HaMeHHToro pemenHH ypaBHCHHa x^ — 
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X — j4 = C@. MHOJKHTejiB ae= ae(a, c, d) (cm. § 8.3) 6biji sanncan hm b BH^e KBaflpaTHHHbix 
rayccoBbix cyMM SKcnoHCHT |14l I: CTp. 482-86]. Mbi npe^jiaraeM s^ecb cJjopMyjibi nepes 
SKcnoHCHTy OT cyMMbi, HTO npome. 

06n],ee MOflyjiapnoe npeo6pa30BaHHe r ^ cr+d ^ PSL2(Z) ^jih ^-cJjyHKi^Hii 5Iko6h 
onpeflejiHCTCH cjieflyiomnM BbipajKCHHeM: 



[5-11 



CT + d 



ar + b 



CT + d 



ae e 



j{2«(f)c/3-d+l)-c/3(a/3-2)-d6a2| 



•Vcr + d e 



CT + d /jfa-ll 



(xlr) 



'[ p \{x\t + N) = -yi/j+ivcj 



(x|r) 



rfle xapaKTepncTHKH BbiHHCJiHMTCH flpyr nepes flpyra no (JaopMyjiaM 

{a = da — cj3 ( a = ad + c/3 

j3 = -ha + af3 ' \ ^ = bd + d^ ' 

3aMKHyT0CTb OTHOCHTejibHO PSL2(Z)-npeo6pa30BaHHH 4)yHKi];HH 6i ecTb cjieflCTBHe Toro, 
HTO BbinHcaHHbie cJjopMyjibi nepexo^a Meac^y xapaKTepncTHKaMH (a, (5) h (d, /3) hbjihiotch 
oflHopoflHbiMH npeo6pa30BaHHHMH. ^JiH cnpaBOK npHBCfleM pasflejibHbie cJjopMyjibi npeo6- 
pasoBaHHH fljiH 4)yHKi];HH ^2,3,4: 



cr + d 



ar + b 



CT + d 



CT + d 
aT + b 



ae e 



f (2-d)c 



CT + d 



CT + d 
aT + b 



\ ^ \2(a+c~ad)~ab-cd] , 2iitrT r n . , s 



cr + d 



ae e 



f {2(a-l)-afe} _^ 



cr + d e 



cr + d — 1 



[r;](^|T). 



IlpH X = 0, npeflbiflymne (JjopMyjibi npeBpamaiOTCH b npeo6pa30BaHHe ^jih ??-KOHCTaHT: 

^onojiHHTejibHoe ynpomenne npoHCxoflHT Korfla ("^) G r(2). HojiaraH b stom cjiynae 
(cd) ~ (^2p^2g+i) c i];ejibiMH (n, m,p, g), BbrancaHHbie npeo6pa30BaHHH npHo6peTaiOT 
pasflejiHKJmHHCH BHfl: 62 ^ 92, ■ ■ ■ HcTpyflHO EHflCTb, HTO o6myK) (JjopMyjiy Bcer^a mojkho 
csecTH K npeo6pa30BaHHHM pasflCJibHoro Tnna Ok ^ Ok, ecjin flo6aBHTb HeoflHopoflHbie 
npeo6pa30BaHHH x 1— > ^^^^^'^ . 

IlpefljiojKeHHbie 4)opMyjibi cnpabefljiHBbi ^jih npoHSBOjibHbix KOMnjiCKCHbix xapaKTe- 
pHCTHK, a B paccMaTpHBacMOM HaMH cjiynae i^ejiOHHCjiennbix (a,/5), t. e. (a,/3) = 
{0,1} mod 2, (JjopMyjibi saMbiKaiOTCH, t. e. tojkc BbinojiHHeTCH paseHCTBO (a,/3) = 
{0, 1} mod 2. OTHomeHHe JiK)6bix flsyx i9, S-cJjyHKi^Hii ne coflepjKHT MHOJKHTejib ae(a, c, d). 

3pMHT HCnOJIbSOSajI 3T0T (JjaKT, HT06bI HOCTpOHTb CBOH HSBeCTHblC (JjyHKI^HH (fij) , Tpir) , 

x(r) H Ta6jiHi];bi npeo6pa30BaHHH MejK^y hhmh [141 123| . 



PenieHHe SToro ypasHeHHa cJjaKTHHecKH BtipaacaeTca b i9-K0HCTaHTax h 6biJio nojiy^eHO 9pmhtom b 
1858 r. Cm. nocjieflHioio (JjopMyjiy na CTp. 10 b [H j . Otmbthm neTOHHOCTb b stoh cJjopMyjie, KOTopaa, na- 
CKOJibKO HaM H3BecTH0, HOBTopaeTca BCMfly rfle penieHne BOcnponsBOflHTca. BTopoft snaK "— " TaM cjieflyeT 
SaMeHHTb Ha "+". 
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8.5. TeopeMbi yMHOJKeHHsi. OopMyjibi yflBoeHnii BbinHCbiBaji eme 5Iko6h |16^ 
I:cTp.510]. 06uxae yMHOHcennH, pa36HBaH 4)opMyjibi na cjiOHCHtie cepiiii nei- 
Hbix/neHeTHbix n, c npHBjieHeHiieM (JjyHKi^Hii sn, cn, dn, paccMaTpHBajin KeHHrc6eprep |18l 
CTp. 192, 201, 203-4], Be6ep [25l CTp. 190-5], Kpayse [l9l CTp. 157, 173], a TaKJKe Befiep- 
niTpacc H flpyrne. Otmcthm s^ecB eme fleTepMiinaHTHyio cJjopMyjiy yMHOHceniiH KnnepTa- 
BenepniTpacca [271 § 15], [6l CTp.332] fljia (JsyHKi^Hii a{nx) nepes 4)yHKi];HH p, p'. 

IlycTE. n ecTb nponsBOJiBHaH KOMnjieKcnaH BejiHHHHa. Tor^a cJjyHKi^HH 9 yflOBjiCTBopHiOT 
KOMnjieKCHbiM (JjopMyjiaM yMHOJKenHH, onpe^ejiHeMbiMH cjie^yromnMH peKyppeni^HHMH: 



?i(2x) =2 6i{x) 
^i{nx) 



i2{X) t)3{X) UijX) 
^2 ^3 ^4 

l{n,x)el{x)-el{n,x)el{x) 
^l-0^{{n-2)x) 



rfle n-i = n — 1 



+ , {f3)e[t{n,x)9[-^\x) + {a)9[f{n,x)9[^{x) 
[i3 + il{nx) — 



^';:if-9[;t\]{{n-2)x) 

3to He eflHHCTseHHoe npeflCTaBjieHne. ^pyrne nojiynaroTCH, ecjin HcnojibsOBaTb KBaflpa- 
THHHbie TOJKflecTBa MCJKfly ^-(j3yHKi];HHMH. EcjiH n — i];ejioe hhcjio, Tor^a (JjopMyjibi saivibi- 
KaroTCH. B nacTHOCTH, saMKHyTbi yMHOJKenHH ^jih (JjyHKi^Hit ^2,3,4: 



01 


[riix) 6 


i(^) - 


9l{n^x) 


9l{x) 






■9,{in 


-2)x) 




01 


[n^x) 6 


lix) + 


9l{n^x) 


9l{x) 






■9,[{n 


-2)x) 




01 


[n^x) 6 


i(^) - 


9l{n^x) 


9l{x) 






■9,[{n 


-2)x) 





h{nx) 
%{nx) 
^^{nx) 



CymecTByiOT nepeKypcHBHbie TeopeMbi yMHOHceniiH, ho sto 6yflyT yMHOHcenHH c koscJ)- 
4)Hi];HeHTaMH, ne npHHafljieHcamiiMii nojiio KOHCTanT ^^^/^(t). 3tot 4)aKT Henocpe^CTBeHHO 
cjie^yeT h3 BeftepniTpaccoBCKHx cJjopMyji ^jih (JayHKi^HH a,a^{nx) |26l V:cTp. 225-6, 298]. 

yMHOJKeHHe flJiH 4)yHKi];HH 9']^ nojiynaeTCii bshthcm nponsBOflHoft. OopMyjibi yMHOJKeHHH 
6yflyT cnpaseflJiHEbiMH TaK>Ke h ^jih HeKaHOHHHecKHx (JjyHKi^Hii 9 h3 § 9. 



8.6. ^H(J)(J)epeHii;HajiBHi>ie ypaBneHHsi. Cjie^yiomaH TeopeMa nojiHOCTbio onncbiBaeT 
flH(J)4)epeHi];HajibHoe HCHHCJieHne HKo6HeBCKHx ^-cJjyHKi^Hii. 

T3Ta-4)yHKi];HH 5Iko6h c npoiiSBOjibHbiMH i];ejiOHHCjieHHbiMH xapaKTepncTiiKaMH (a,/3), 
KaK 4)yHKi];HH flbyx nepeMennbix x h r, yflOBjieTBopaiOT pacmenjieHHbiM h saMKHyTbiM ch- 
CTCMaM o6biKHOBeHHbix flHcJjcJjepeHi^HajibHbix ypaBHeHHH Hafl flHcJjcJjepeHi^najibHbiM nojieM 
Cd{r],'d'^) BeiiepinTpaccoBCKoft KOHCTanTbi rj h KBaflpaTos HKo6HeBCKHx iJ-KOHCTaHT: 



de. 



a/3 



dx 





9\ ° 1 







'1 



dx 



(24) 
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de^p -i 0? . . i 
dr 





9\ ° 1 







4) f -Ca/J 



J (25) 



(ecjiH paccMaTpHBaTb tojibko cjiynan (a,/?) = {0, 1}, Tor^a (^a [f]) = 1 Bcerfla). 
(a, /3)-npeflCTaBjieHHe ypaBHenHii (fT71) na ??, //-KOHCTaHTbi hmcct bh/i;: 



dr vr 



'-{v+^({P)^\r]'-{a)^l%f)}m 



(26) 



f =^{2^^-^(^tf + (« + /3>^?[Sf^tf + ^[?f)} - (a,/3)/(0,0) 
PemeHHe cncTeMti ypasHeHHii (|24H25p . coxpaHHromee ^Ba KjiaccHnecKHx cooTHomeHHH 

COflep>KHT Tpn npOHSBOJIbHBie KOHCTaHTbl A^B^C H HMeeT BHfl 

(27) 

6*; = C7e^'^(2x+Ar).|^/^(^ + Ar + 5|r)-2^i^e[;](x + ylT + 5|r)}. 

(3th 4)yHKLi,HH yflOBjiCTBopHiOT ypaBHCHHio TenjionpoBOflHOCTH ^'kiFt = Fxx)- 06n],ee pe- 
meHHe ypaBnenHH (|26p . flepacamee ToacflecTBO 5Iko6h (|22p . flacTca 4)opMyjiaMH 

c TpeMH KOHCTaHTaMH ttd — bc = 1. IlpaBbie nacTH b sthx pemennHx ecTb 0, t?, r/-pHflbi. Ho 
OTflejibHOCTH, pemeHHH ypaBHeHHii (fT^ h (|2ip xopomo nsBecTHbi (5Iko6h, LUasH). 

8.7. SaMenaHHii h o6o6LLi;eHHii. BaacHbiM cjieflCTBHCM npeflbi^ymnx pesyjibTaTOB hb- 
jiHCTCH TO, HTO 0-pemeHHH ypaBHeHHH TenjionpoBOflHOCTH, KaK ypaBHeHHH b nacTHbix npo- 
HSBOflHbix, cnei];H(J)HHHbi, nocKOJibKy, na caMOM ^ejie, ohh hbjihiotch pemennHMH pas^e- 
jiHKJmHxcH, H cjieflOsaTejibHO, o6biKHOBeHHbix flHcJxJjepeni^HajibHbix ypaBHenHii. K hhm, 
B CBOK) onepeflb, cbo^htch MHorne pemennH HHTerpnpyeMbix HejiHHeiiHbix ypaBHenHii b 
nacTHbix npoHSBOflHbix. Bee Taxne pemenHH, necTai^HonapHbie h MHorocJaasHbie, hbjihkjtch 
cjieflCTBHeM HHTerpnpyeMOCTH e^HHCTBeHHoii (npo/];y6jiHpoBaHHOH no nncjiy (Jaas) cncTeMbi 
o6biKnoBennbix flncjjcjjepeni^najibnbix ypaBnennii na hhtb HKo6HeBCKHx (JaynKi^nn 6, O'l- 

^nnaMHHecKHe cncTeMbi 5lKo6H-Ajib(J)ena n nx o6o6iii,enHH TOJKe hbjihkjtch cjie^CTBH- 
HMH pacmenjiHeMOCTH ypaBnennii na ^-cJjynKi^HH. IlpaBHjia flHcJacJaepeni^HpoBannH (I24H26|) 
renepnpyKJT ynoMHnyTbie flnnaMnnecKne CHCTeMbi h hx pemennH, a r/, "i?, 0-nepeMennbie 
HBjiHiOTCH ynncJjopMHsnpyromHMH ^jih nnx. Bbicmne nponsBO^nbie ot ^-cJjynKi^Hii h 
KoncTanT ecTb cnoBa rj, "d, 9, ^^-cJaynKi^nn, npnneM pai^nonajibnbie nojinnoMbi ot hhx. 3to, 
nanpHMep, TpHBHajinsnpyeT BbinncjienHH n npoHcnsieT pesyjibTaTbi ne^aBnen pa6oTbi [3], 
Tflfi 6bijio nafifleno npHjiojKenne ypaBnenna Ulasn k cncTeiviaM rnflpoflnnaMnnecKoro Tnna. 

Eme pas OTMeTHM, hto necoMHennyK) BajKnocTb npeflCTaBjiHeT o6o6menne npeflbi^y- 
n],HX pesyjibTaTOB na G-cJayHKi^nn Bbicmnx poflOB h hx KOHCTanTbi [20] . Cm. ynoManyTyio 
pa6oTy [S] H ccbijiKH b nen, r^e Bonpoc yace paccMaTpHBajiCH npHMenHTejibHO k jiorapncj)- 

MHHeCKHM npOHSBOflHbIM OT -Z^-KOHCTaHT. IlMeH B BHfly peSyjIbTaTbl §§ 6-7, CTanOBHTCH 
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HCHbiM HanpHMep, hto flHcJxJjepeHi^HajibHaa saMKHyTOCTb c Heo6xo/];HMOCTt.io Tpe6yeT npn- 
cyTCTBHH B (JjopMyjiax KaK MepoMopcJjHbix a6ejieBbix HHTerpajiOB (JjyHKi^Hii @'), TaK h 
Hx nepHOflOB, T. e. anajioroB KOHCTanT ij. B nacTHbix cjiynaax anajins BbipoHCflaeTca. 

PaccMOTpHM, HanpHMep, CHTyaD;Hio, Kor^a HKo6HaH flonycKaeT pep;yKu,viK) flByMepHoii 
0-4)yHKi];HH K 4)yHKi];HHM 5Iko6h: 





3«2 


r 




'\v — 


3"l 


1 

2 





CooTBeTCTByromne flecHTt. T^I^J-KoncTanT, 6yflyT Bbipa>KaTbC5i nepes BejiHHHHbi 

'&2,3a{t), ??2,3,4(/U), 6'l,2,3,4(iK) , 6'l,2,3,4(i I ' 

TaKHM 06pa30M, ^JIH SaMblKanHH, Heo6xOflHMO HMCTb CBH3b MCJKfly «|-nepHOflaMH» H 
06bIHHbIMH 1?-K0HCTaHTaMH. 3tO OCymeCTBJIHIOT COOTHOmeHHH 

^4(i) = ^3(i) , ^2(i) = ^l(i) , 



4 ' 



(6ojiee noflpo6HO noBbie ceivieHCTBa ■!?, 0-TOJKflecTB 6y/];yT paccMOTpenbi OT^ejiBHo), nocjie 
Hero MOJKHO npoHHcneKTHpoBaTb CHCTeMy npoHSBOflHbix. B flaHHOM npHMepe, b CHjiy (I14|) 
H ypaBHeHHH TenjionpoBOflHOCTH na 0(3], mm nojiynaeM, hto HMeeTCH flHcJacJaepeHi^najibHaH 
saMKHyTOCTb B BHfle o6E.iKHOBeHHbix flHcJxJjepeHi^HajiBHbix ypaBHeHHH: 

{o[u,v) ' ^ ' o[u,v) ' ^ ) 

C BblHHCJiaeMblMH 4)yHKI];HHMH -F(0,B'), G{@,Q') (BblHHCJieHHH rpOMOSflKn) H BblTCKaiO- 

mHMH OTCiofla ypaBHeHHHMH no r H /X. OTCiofla ace BbiTCKaiOT ycjiOBHH HHTerpnpyeMOCTH 
na KoncTaHTbi i9[$]{t, fi). 3tot pesyjibTaT caM no ce6e ne 6e3HHTepecen, no 6ojibmnH nn- 
Tepec npeflCTaBjiHCT Bonpoc o tom, KaKofi Bn^ hmciot 6a30Bbie flHcJxJjepeni^HajibHbie coot- 
nomenna na o6n],ne g-uepHbrn G-cJaynKi^nn na HKo6Hanax, nx cenennax na ajire6paHHecKHe 
KpnBbie nocpeflCTBOM rojiOMopcJanbix nnTerpajiOB (oTo6pajKenne A6ejiH) n, KaK cjieflCTBne, 
ycjiOBHH nnTerpnpyeMOCTn 3Tnx ypaBnennit. 



9. Hekahohh^eckhe ^-oyhkl^hh Hkobh 

^ncjxjjepeni^najibnbie ypabnenna, onpeflejiHiomne HKo6neBCKHe (JsynKi^nn 9, nMeiOT 6ojiee 
nmpoKnn Kjiacc pemennn, hcm npocTO ^-paflbi hjih 4)opMyjibi (|27l) . Onn TaxHce MoryT 
cjiyjKHTb OflnnM ns nesaBHCHMbix ncTonnnxoB nponcxoHCflenna f?, ^-cJaynKi^nfi BOo6n],e, Tax 
KaK ypaBnenna ne Menee (JjynflaMenTajibnbi neM nx pemennH. B npnKjiaflHbix Bonpocax 
pasHOBHflHOCTH cncTCMbi (|14p MoryT BOSHHKaTb caMOCTOHTejibno, nosTOMy napaMeTpbi 'd ne 
o6H3aHbi 6biTb snaHeHHHMH b nyjie, a napaMCTp rj 6biTb nepno^OM MepoMopcJanoro 

HHTerpajia ^ hjih flasaTbCH KaKHMH-jiH6o nssecTHbiMH BbipajKennHMH, nanpnMep 

"^^^^ - "12 'e[W) ~ "4 " 12 - ^4j- 
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9.1. OnpeflejiiiK)iu,He ypaBHeHHsi h hx nepsbie HHTerpajibi. CTapTya c ypaBHenHH 
(|14l) c npoHSBOjiBHbiMH napaMCTpaMH 'd,r] n ypaBHenHH TenjionpoBOflHOCTH AniOr = Oxx, 
Mbi nojiynaeM ypaBHenHH (|16p . PaccMaTpHBan ycjiosHH HHTerpnpyeMOCTH 9xt = ^tx flJis 
CHCTeM ypaBHenHH (|14l) h (I16p . mbi HOjiynaeM hx nepBBie HHTerpajibi 

4 ol - 4 01 = At-49l, 4 el - 4 el = A\-4e\ (28) 

H /];H(J)(J)epeHi];HajiE.HyK) saMKHyTOCTb hojih K03cJ)(J)Hi];HeHT0B, t. e. flHnaMHHecKyK) cncTeMy 
na 4)yHKi];HH {} = '!?(t), r/ = r/(r): 

^ = ^ 2 _ ^ i {^8 + (9^4^4 _ _ + 2) ^1 ^4 + 

r^e A2 HBJIilKJTCil npOHSBOJIbHBIMH KOHCTaHTaMH, He 3aBHCiin],HMH OT X HJIH T. Ilpil- 

MaH npoBepKa ypaBHenHH (|14|) . p6p noKasbisaeT, hto cooTnomenHii ()28p fleftcTBHTejibno 
BbraojiHHKJTCii H HBjiHMTCH HHTerpajiaMH o6eHx CHCTeM. Chctcmbi HOJIHOCTBK) cobmccthbi, 
a caMH HHTerpajibi ^1^2(^5 "i?) hbjishotch aAseSpauHecKUMU . B cboio onepeflb cncTCMa (f29l) 
HMCCT oflHH, TOJKC ajire6paHHecKHH, HHTcrpaji A3(t?), o6o6n],aK)n],HH TOJK^ecTBO 5Iko6h: 

^l^^ = 4^^-vl^^^ (^^^3 = 0). (30) 

Mbi ne ocTanaBjiHsaeMCH OT^ejibHO na BbipojKflenHHx nacTHbix pemeHHii ypaBnennH (I29|] 
B sjieMCHTapHbie cJjyHKi^HH. 3th cjiynan bbihbjihiotch jierKO h nosTOMy nac 6yfleT HHTcpe- 
coBaTb TOJiBKO CHTyai];HH o6n],ero nojioJKeHHH. ^jih TaKHx neKanoHHHecKHx «o6o6n],eHHH» 

0-(]3yHKI];HH BejIHHHHbl ^1, ^2 OHpeflCJIHIOTCH HaHajIBHblMH flaHHblMH K ypaBHeHHHM (|14| - 

I16p . a fljiH CHCTCMbi (|29p ohh hbjihkjtch napaMCTpaMH. 

9.2. KaHOHHHecKHe ^-psiflM h sjijinnTHHecKne (J)yHKii;HH. PeflyKi^na k cjiynaio 5Iko- 
6H-BeHepmTpacca ocymecTBjiaeTCH cjieflyromHM o6pa30M. IIojiojkhm Ai = A2 = 1. Tor^a 
(J)yHKi];HH ry 6yfleT yflOBjiCTBopHTb ypaBHCHHio LUasH (|2T]) . a (J^ynKi^nn ??3^4 — HKo6HeBCKO- 
My ypaBnennio p9p . HnTcrpaji ()30p ocTacTCH hpohsbojibhbim. Hojiaraii flonojinnTejibno 

= 1, npHxoflHM K ypaBnenHHM p 7|1 . SaivieTHM, hto ^jih TaKoft CHMMeTpHnnoii dpop- 
Mbi KaHOHHHecKoro cjiynaH ypaBHCHHii (|29p . ajire6paHHecKHH HHTcrpaji ypaBnennH (|17|) 
BbirjiHflHT yjKC ne oneBHflno 

(A^-l).^^^^^^ = (^^-^^_^4)3 (31) 

H flOjiHcen TpaKTOBaTbCH KaK KoppcKTHaa cJjopMa «nojinoro TOJKflecTBa 5Iko6h» ajih chm- 
MeTpHSOBannoH sanncn onpe^ejiHiomnx ypaBHenHH. IIomhmo SToro ycjiOHcnenna, hh Oflna 
H3 4)ynKi];HH 'i?2,3,4 HJIH jiorapHcJjMHHecKHX nponsBOflHbix Iut-i) ne yflOBjiCTBopneT nnKa- 
KOMy ypaBnennio 3-ro nopnflKa, KaK sto 6bijio b ypaBnennnx (|19H20p . xoth (JsynKi^nn 77 
HO-npejKneMy yflOBjieTBopaeT ypaBnennio 3-ro nopaflKa (|21l) . 3a ne^ocTaTKOM MCCTa mbi 
onycKacM flOKasaTCjiBCTBO sthx yTBepHCflennn. 

06o3naHaH flajiee P = ^l/^i) naxo^HM, hto hmcct mccto ypaBnenne 

p2 = 47r2 (^9|.P + Af4) + Ai'dl) P , (32) 
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a snaHHT P sbipajKaeTca nepes p-cJjyHKi^nio BenepniTpacca, KOTopaa, KaK nsBecTHO, npo- 

nOpi];HOHajIBHa OTHOmeHHIO HK06HeBCKHX ^-pH^OB 

SflecB H flajiee nofl i?3,4(^) noHHMaiOTCH ■i?-pHflBi. HpHBOflH ypaBHCHHe (15^ k KaHOHH^e- 
CKOH (J)opMe BeftepniTpacca h npHjiaraa CTaHflapTHbif! BBiHHCjiHTejiBHbifi annapaT TeopHH 
[B], Mbi nojiynaeM, hto sjijinnTHnecKHM MOflyjieM fljiH ypaBHCHHa (|32p 6yfleT BejiHHHHa //, 
onpeflejiaeMaa h3 cjie^yiomero Tpanci^eHfleHTHoro ypaBHeHHs: 

^ 1 {A\^l + Al^l + Al^lf 

54 ^f>l8 4T?|i?|i9| ' ^ ' 

rfle, fljiH CHMMCTpHH, Mbi BOcnojiBSOBajiHCB HHTcrpajiOM (|30p . (B HBHOM BHfle pemeHHe 
ypaBHeHHH (l33l) ^aeTca, hto xopomo HSsecTHO [6j[2], Kax OTHomeHne onpeflejieHHBix rnnep- 
reoMCTpHHecKHx pHflOB PI CTp.87-8]). TaKHM o6pa30M, flOjiJKHa HMCTB MecTO cjie^yiomaH 
(JjopMyjia fljiH OTHomeHHH P: 

el _ ^K/X) + ^ ^4^4 ^2(^) ^2(^) ^i(x + Xo|^) 

AHajiorHHHbie cJjopMyjiBi nojiynaiOTCH ^jih /],po6eH 9k/9j 6e3 KBaflpaTOB. HeTpyflHO BHfleTb, 
HTO TaKaa Bapnai^HH npnaejia 6bi k sjijinnTHnecKHM cJjyHKi^HHM 5Iko6h sn ~ 0i/04 h t. fl.: 



HiaK, OTHomeHHe jiio6bix flByx 0-pemeHHH ypaBHeHHH (|14p . p6|l npoHopi^HonajiBHO ot- 

HOmeHHK) KaHOHHHeCKHX 0-pHflOB C HeTpHBHajIBHBIM H HOBbIM MOflyjICM /X. HOKajKeM, HTO 

ypaBHeHHH HHTerpHpyiOTCH nepes KaHOHH^ecKHe 0-pHflbi hojihoctbio. 

9.3. PaciuHpeHHe KaHOHnnecKHx 0-(J)yHKii;HH. CncTeMa (|14p HMeeT nHTbift nopsiflOK, 
B TO speMH KaK BeiiepinTpaccoBCKHft 6a3HC (cr, Q, p) — TpeTHit. B BeftepniTpaccoBCKOM cjiy- 
Hae MBi HMeeM cjieflyromee jierKO BtiBO^HMoe flHcJxJjepeHi^HajitHoe ypaBHenne 3-ro nopH^Ka 
Ha JiK)6yK) H3 4)yHKi];HH 5Iko6h 

= 4 {f + 4r? + ^(^1 + ^\)]{f + 4r? + ^(t?^ - ^\)]{f + 4r? - ^(^^ + 4)] , (34) 

r^e F = lnxx0k{x\T), a i) = '!?(t), r/ = ??(t). B HeKanoHHHecKOM cjiynae Ai ^ 1 ^ A2 
3T0 ypaBHCHHe aojihcho hmctb CBoit anajior b bh^c ^HcJxJjepeHi^HajiBHoro ypaBHeHHH 5-ro 
HopHflKa. AnajiHSHpyn CHCTCMy (I14p . mbi nojiynaeM, hto TaKOBbiM HBjiaeTCH ypaBHenn^ 

P Pxxx 2 FFxFxx ~\~ Fx ~\~ {F ^x — ) 

(35) 

F = {lne),, + A{v + ^{i}l + ^i)}, 

KOTopoMy yflOBjieTBopHCT npoHSBOjiBHoe pemeHHe 6 = 6k{x) ypaBHeHHit (fT^ . Kaxne 6bi hh 
6bijiH BejiHHHHbi ry, "i?. OnycKaa BbinncjienHH h bbo^h o6o3HaHeHHe 

M(x, ^^) = x2{r?(^) + g (^|(^) + z?^(/x))} - {r? + + ^^)} , 



''9x0 BajKHoe ypasHeHHe, kek ypasHeHne 3-ro nopaflKa na (JjyHKifHio F, aBJiaexca o6o6meHHeM Kano- 
HH^ecKoro ypasHeHHa BeftepniTpacca — 4F^ — g2F — g^, a. TO^Hee, ero cjieflCTBna Fxxx = 12FFx. 9to 
cjieflCTBHe He MeAMemcM pedyKii,ueu ypasHeHHa l|35p. xoTa penieHneM l|35p Toace asjiaeTca p-4)yHKL(Ha: 
F = p{lo\uj,uj') — p{x + c\uj,ui'). Pa3JiHHHe coctoht b tom, hto flo Tex nop noKa ne saTparHsaeTca flHcJj- 
(J)epeHii;HajibHaa saMKHyxocTb Ok, flOCTaTOHHO OflHoro ypasHeHHa BeftepniTpacca l|34p . B o6ohx cjiynaax 
nepnoflbi 2 {u!,u!') h MOflyjib r BOSHHKaMT KaK KOHCTaHTbi HHTerpHposaHHa. 
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BbiiiHineM o6n],HH HHTerpaji ypaBHenHH (jl4p : 

(36) 

r^e {j4, B,C, X, fi} — hhtb KOHCTanT HHTerpHpoBanHH. QopMyjia fljia 9'i — sto npoHSBOfl- 
Haa OT nepBofi (JjopMyjibi b (l36l) . SnaKH it mojkho nponsBOjitHO mchhtb y jiio6oh napti 
(^j)^fe), '^TO jierKO ycTanaBjiHsaeTCH HenocpeflCTseHHO h3 cncTeMbi ([HI- 

PemeHHe (|36|) noKasBiBaeT, hto sasHCHMOCTb ot x h // neTpHBHajiBHa, b otjikhhc ot 
«yraflE.iBaeMOH» saBHCHMOCTH no KOHCTanTaM B,C n jiHHeftHoii SKcnoHeHTbi e^^. OTCKJ^a 
TaKJKe cjie^yeT, hto ecjin ocTaBHTb b CTopone MyjibTHnjiHKaTHBHbie KOHCTanTbi b (j36p . 
TO saBHCHMOCTb 3THX pemeHHH H caMoro ypaBHeHHH (|35|) ot napaivieTpoB ypaBHenHH i] 
ocymecTBjiHeTCH nepes o^hh cymecTBenHbiii napaivieTp 

\A = V + ^{^l + ^i)- (37) 

Ajire6paHHecKHe HHTerpajibi (|28p b (x, /x)-npeflCTaBjieHHH (|36p npHHHMaiOT bh^ cjieflyio- 
mnx o6o6meHHH to^k^cctb 5Iko6h: 

4 el - el = x^^-^i el , el - ^1 el = x'^-^l el . (38) 

IlpH X = 1 H TaKHX "i?, HTO HaHfleTCH TaKOC /i, HTO f? = 'i9(/x) H 7] = T](^), Mbl CHOBa 

npnxoflHM K cjiynaro 5lKo6H-BeHepmTpacca. 

Oco6o HOflHepKHCM, HTO Hcpexofl K HeKaHOHHHecKOMy cjiynaK), xoth h ocymecTBjiaeTCH 
sjieMeHTapHoft (JjyHKi^Heft e^^^ , ne sjieMenTapno saBHCHT ot napaMCTpoB (x, ^) h siBjisieT- 
CH mpaHcv,eHdeHmHUM pacmupenueM, Tax KaK KanoKHHecKHe a- h 0-(J)yHKi];HH onpe^ejie- 

HBI C TOHHOCTBK) f\0 JIHHeHHOft SKCHOHeHTBI (cM. (JjOpMyjIBI (|27|1 ). 3KCnOHeHI];HajIBHbIH 

MHOJKHTejib e SToro pacniHpeHHH tojkc saBHCHT OT napaMeTpoB HHTerpnpoBaHHH x 
H 11. CBOHCTBa KBasHnepHOflHHHOCTH fljiH HeKaHOHHHecKHx ^-pacniHpeHHH, T. e. anajiorn 
4)opMyji ([T|), jierKO ycTanaBjiHBaiOTCH h3 caMHx pemeHHii (|36|) h mbi hx ne npHBO^HM. 

9.4. IlepeHopMHpoBKa ^-(J)yHKii;HH. PemenHe (|36p no^CKasBiBaeT c^ejiaTB HepenopMH- 
poBKy e 6 (ona ne e^HHCTBeHHa) : 

e^=e^, 02 = ^^3^4-^2, 03 = ^^?2^4-^3> ^4 = ^ ^2^?3 " ^4 , 

nocjie KOTopoH ypaBHenHH (|14p n (l35ll CTanyT coflepacaTb jinnib napaMCTp (|37p : 

^ ^ _ ^3^4 

< 

903 ^ ^ ^ _ ^2^4 

. dx 01 ^ 01 

OTCiofla cpasy cjie^yeT, hto ecjin Tenepb npHBjieHb saBHCHMOCTb ot t, Tor^a T-flHcJxJjepen- 
H;HpoBanHH 0-4)ynKn;HH (|16|) (h BOo6n],e Bce ypaBHenHH) tojkc snaHHTejibno ynpomaiOTCH. 



±01 

±02 
±03 
±04 



^2^3^4 

2t73(/,) 

XT?2 
>f^3 
XT?4 



904 0'i 



dx 
dx 



0. 



^2^3 



01 01 ^ 



901 



^'1 



(39) 
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Bsofla fljiH yflo6cTBa saMeny r = Attit, mm nojiynaeM cjieflyiomyio cncTeMy ypasHeHHii: 



(40) 



1^ = I 03 - 2 0; ^ + 01 1 - {A - ln.(^..,)} .03 

^ = f ^4 - 2 0; ^ + 0^ I - {A - ln.(^,^3)}-e4 

Mepes KaHOHHHecKyio cJjopMy (I39H4QP ypaBHeHHii na ^-cJjyHKi^HH MexannsM HHTerpHpoBa- 
HHH H Becb conyTCTByromnft anajiHS CTanoBHTCH npospanHtiM. 

B ypaBHeHHH BxoflHT He BejiHHHHti ^9, a Hx jiorapncJjMHHecKHe npoHSBOflHtie h nosTO- 
My ycjiOBHHMH coBMecTHOCTH 6yflyT aAsedpauHecKue cooTHomenHH MCJKfly cJjyHKi^HHMH 0, 
KoscJjcJjHi^HeHTaMH A, liiT-'d H, c flpyroii CTopoHti, e^HHCTBeHHoe ^HcJjcJjepeHi^HajiBHoe coot- 
HomeHHe, co/];ep>Kamee A,- = A. Mbi nojiynaeM: 



-^ + A = 0, + A = ^ ,0 , -7^ + A= ^ „ ^ 

1?2 0? ^^4 0? 



+ A = 0, I^ + A = :il^, ^ + A = ^ 

(41) 

' ^aI" 1?4 



Otmcthm hto b KanecTBe nepBHHHoro 06'beKTa BbiCTynaroT ne CHMMeTpHHHtie ypaBHennH 
(fT71) . a ycjiOBHH HHTerpnpyeMOCTH (PT]l (^ ([29]) ). Hpn stom o^hh h3 napaMCTpoB 1i1t-^?2 h 
A (hjih r/) 4)aKTHHecKH exo^hji b Teopnio cJjhkthbho. HocKOjibKy see cncTeMbi HejiHHeHHbi, 
fljiH HCKjiiOHeHHH 4)yHKi],HH H3 (|4ip . Heo6xoflHMO flonojiHHTejiBHoe flHcJjcJjepeHi^HpoBaHHe. 

^JIH CHMMCTpHH MBI OCTaBJIHeM TpH BejIHHHHbl "[9 H, o6o3HaHHB (X, Y, Z) = (^)^)^)) 

nojiynacM cjie^yiomHe ypaBHeHHH: 

^X = {Y + Z)X-YZ, = {X + Z)Y - XZ , ^ Z = {X + Y) Z - XY . 

3to mnpoKO HSBecraaH cncTeMa ^ap6y-Ajib(j3eHa pEl I:cTp.331], [22], [5], [IHl CTp.577], 
a ee cjieflCTBHCM hbjihctch ypaBHenne (I20p h3 § 7: 

(X-2A:2)X-X^ + 16X2x + 4(X-6X2)x2 = 0. 

TaKHM o6pa30M Bce ypaBHennH HHTerpnpyiOTCH b KaHOHnnecKHx pH^ax 5Iko6h. 

SaMcnaHue. ITepeHopMnpoBKy mojkho 6biJio 6bi npoflOJiJKHTb ^ 6 , tcm caMbiM 
yflajiHB napaMeTp A h3 4)opMyji. B (|39p Tor^a naflo nojioacHTb A = 0, a ycjiOBHH HHTerpn- 
pyeMOCTH (I4ip npespaTHTca b npocTbie BbipajKeHHH 

y = a: + ^^x^^^^/x) , z = x + ■k'^k^{}1{p) 

H ypaBHCHHe PnKKaTH na cJjyHKi^HK) X{t) c nepeMenHtiMH KOScJxJjHi^HCHTaMH x(t), /u(r): 

i a: = X2 + vr^x^l^K^) + ^I(m)} -X - 7r^x4^^^M)^?4(/^) • 
3to ypaBHCHHe, KaK h npeflbiflymne, Toace HHTerpnpyeTCH. 
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9.5. 06LLi;He HHTerpajibi. 06o3HaHHB KOHCTaHTbi HHTerpHpoBanHH ypasHeHHii (|29p KaK 
(a, b, c, d) H o6o3HaHHB T = §7^, Mbi nojiynaeM o6n],HH HHTerpaji ^jih ((29]) : 



d 



7] 



(cr + (i)2 



^2(T) 



^(T) + 



1 ^3(T) 
^1 VcT + d 



1 ^?4(T) 



^2 \/cr + (i ' 



(42) 



12 



.^|(T) + 



+ 



vri c 



rfle nofl '(^(T), r/(T) noHHMaiOTCH paflbi 5Iko6h h3 § 2 h, KaK o6biHHO, ad— be 
HTO rjiaBHbiH napaMCTp TeopHH 



1 

2 cr + (i ' 

1. SaMBTHM, 



1 



A 



1 



+ 



1 vri c 



2 cT + d 



He saBHCHT OT Toro, 6epeTCH KaHOHnnecKHH cjiynaii hjih hct, h yflOBjieTBopaeT ypaBHCHHio 
3-ro nopHflKa (|20|) . b KOTopoe naflo no^CTaBHTb X = 4^ A. K CKasanHOMy b § 9.2 /];o6aBHM, 
HTO CHMMeTpH3ai];HH KaHOHHHecKoro cjiynaH ypaBneHHii (I29p b (I17|) . KOTopyro «HanpamH- 
BacTCH HajioJKHTb onpeflejieHHeM», 6bijia 6bi ne Bnojine KoppeKTna. B KanecTBC ycjiOBHH 
HHTerpHpyeMOCTH, ypaBHennH ([T7j) ne BOSHHKaroT h sto hc saBHCHT ot npaBHji nepenopMH- 
poBKH H Bbi6opa HHTerpajiOB Ai^2- Ajire6paHHecKHH HHTerpaji (|3ip hbjihctch ueAUHeuHUM 
no nepeMeHHbiM ??*^, a o6n],HH HHTerpaji ypaBHenHit (|17p naiiTH noKa ne y^aeTca. 

IlojiojKHM Tenepb, hto BejiHHHHbi r/, B ypaBHeHHHx (fT4l) ecTb cJjyHKi^HH ot r b CHjiy 
ypaBHeHHH (|29l) . a KOHCTanTbi {A, B,C, >i, fx) ecTb HensBecTHbie cJjyHKi^HH ot r. HoflCTaB- 
jiHH Tor^a (JjopMyjibi (l36ll b (fTBl) . mm HOjiynaeM CHCTCMy flHcJxJjepeni^HajibHbix ypaBHenHit 
Ha {A, B,C, fi). BbiHHCjieHHH MOJKHO sapanee ynpocTHTb, TaK KaK y nac yace ecTb p^a 
HHTerpajia ((28]) ((38]) ) sthx ypaBHenHit: 



^1 ; 



^2 ) 



(43) 



H3 KOTOpblX Mbl MOHCeM HOJiyHHTb H CaMH ypaBHeHHH. 06o3naHaH TOHKOH npOHSBOflnyiO 

no r, yKasannbie ypaBHeHHH BbirjiH^HT cjie^yiomnM o6pa30M: 



X 



vri — = 2M(x,/i) 

X 



A = 0, 



X 
X 



IlepBbie ffBa ypaBnenna HMeiOT pemenHe 



D 



E 



X : 



E ^^(T) 



CT + d ??|(/i) 



a ocTaBHiHecH, BCJie^ sa hhmh, HHTerpnpyiOTCH sjieMenTapno 



A. 



B 



+ B 



C 



B CHjiy ypaBnennit ((43p h ((42|) . mbi ^oji^khbi hojio^khtb D = E = 1. TaKoe coKpamenne 
HHCJia KOHCTanT o6ycjiOBjieHO TeM, hto nnTerpajiBi (|43p hbjihiotch nnTerpajiaMH xaK x- 
TaK H T-ypaBHeHHH, a caMH ypaBHeHHH HejiHHettHbi. B HTore mm nojiynaeM pemenHe [9j: 



/i = r(4)(T) 



Bbi6HpaH fljiH yflo6cTBa caMbiit npocTOit BapnanT = T (nocjie nero cpasy bmhhcjihiotch 
X n ^, -B,C), MM HOjiynaeM hckommh coBMecTHbin o6n],HH HHTerpaji ypaBnennit ((14H16p . 
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B KOTopbix KOScJjcJjHi^HeHTbi T/, onpcflejiHiOTCH HO (^opMyjiaM (|42p : 



1 


dC 


\ 


' x + A 


AIA2 


yJcT + d 


,CT + d 




dC 




'x + A 




^/cT + d 


,CT + d 


1 


C 


03( 


'x + A 




^/cT + d 




,CT + d 


1 


C 




'x + A 


T2 


^/cT + d 




,CT + d 



A1A2 ^JcT + d \cr + d 

Vcr + d \cT + d 

+ B 



a T 


+ b 


c r 


+ d 


a T 


+ b 


c r 


+ d 


a T 


+ b 


c r 


+ d 


a T 


+ b 


c r 


+ d 



e 



OopMyjia fljiH 6[ nojiynaeTca bshthcm npoHSBOflHoli ot 4)opMyjit.i fljiH 9i. JXnsi peflyKu^nn 
K KaHOHHHecKOMy cjiynaio (|27p flocTaTOHHO nojioacHTt Ai = A2 = d = 1 n Bbi6paTB 
npeo6pa30BaHHe ^) = (21)) Tax xaK rpynna r(2) ne nepecTaBjisieT (JjyHKi^HH 6 hjih 

10. nPHJ10>KEHHE. yPABHEHHE HeHJIEBE-VI 
Cbhsb 9JiJiHnTHHecKHx (JjyHKi^HH c LuecTBiM ypaBHeHHeM IleHjieBe 

1/1 1 1 ^ 2 1 1 

\x X — 1 y — X J 

(44) 



y — 1 y — xj \x x — i y — xj 



^ y(y- i)(y-a:) f , ^ ^ ^ a; - i i] ^(^ ~ ^) 

X2(X— 1)2 I _ 1)2 \ 2/ (y _ a;;)2 

(KaK BnpoHeM noHBjieHHe h caMoro ypaBHennH (|44p ) 6BiJia ycTaHOBjiena P. OyKCOM b pa- 
6oTe [12j . BcKope nocjie nero HeHjieBe [21j npn^aji 3T0My ypaBHennK) saMeHaTejitHbift Bnp^ 
(KOHBepTHpyH B HcnojiBsyeMBie s^ect o6o3HaHeHHH) 

7r2 d'^z 

T ^7-2 ^ " ^'(-^1''") + P'i^ ~ ^\'^) + 7 ~ ''"I''") + - 1 - T|r) , (45) 

CflejiaB TpaHCi];eH/];eHTHyio saMeny nepeMenHtix {y, x) 1-^ {z, r) 

^l(r)' ^ 3 + 3^|(r) tt^ n{r) ' ^^'^ 

K 3THM HSBecTHbiM (JjaKTaM Heo6xoflHMO flo6aBHTb cjieflyromnii KOMMeHTapHit. 

ypaBHCHHe dBI) H noflCTanoBKa (|46p OTpajKaiOT rjiaBHbie CBoftcTBa xax caMoro ypaBne- 
HHH TaK H ero pemenHH. Ecjih ypaBHenne HMeeT BTopoii nopHflOK, jiHHeiiHO no y^.^., pai];H- 
onajiBHO no y^ n HMeeT tojibko HenoflBHJKHbie tohkh BeTBjiennH b pemennHx (cbohctbo 
ITenjieBe), Tor^a, KaK mbi bh^hm, hhcjio TaKHx ToneK ne npeBOCxo^HT Tpn. Hx Bcer^a mojk- 
HO noMecTHTb B Xj = {0, 1, 00}, a ypaBnenne 6y/];eT HMeTb bh/i; ypaBnennsi OyKca-ITenjieBe 
(j44|) jih6o neKOTopbift ero npeflejitHbin cjiynaii [21j . ^ajiee, njiocKOCTb (x) mojkho koh- 
(jjopMHO H BsanMHO-OflHOsnanHO OTo6pa3HTb na (JjynflaMeHTajibHbin 4-yrojibHHK rpynnbi 
r(2) B njiocKOCTn noBoii nepeMennon (r) c noMomtK) MOflyjiHpnon (J)yHKn;Hn x = k''^{T) 
(nepBaH (JjopMyjia b (H6l) ). B cbok) onepeflb, noBe^enne (J)yHKn;HH k''^{T) b npoo6pa3ax 
ToneK Xj HMeeT 3KcnoHeHn;HajibHbiH xapaKTep no jiOKajiBHOMy napaMeTpy r n nosTOMy 
BeTBjienHe npoHSBOJitnoro CTenennoro hjih jiorapncJjMHnecKoro xapaKTepa b OKpecTHOCTH 
Xj nepefifleT b jiOKajibHO oflHOsnaHHyio saBHCHMOCTb no nepeMenHoit r. B stom mbi bh^hm 
HacTHHHoe 06'bHCHeHHe npoHCxojKflenHH noflCTanoBKH (HSl) . Hepes MOflyjiapnyio (JjynKi^nio 
ona noaBHjiacb y ITenjieBe [21j . a nepes ypaBnenne Jleacanflpa — y OyKca |12| . OcTajitnbie 
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oco6bie TOHKH pemeHHH hbjihiotch nojiiocaMH, MoryT 6biTb noflSHJKHbiMH, ho hx pacno- 
jiOHceHHe H rjio6ajibHoe nosefleHHe pemeHHH hojihoctbio OHpeflejiaeTca jiorapncJjMHHecKH- 

MH HpOH3BOflHbIMH OT V^eJlUX 4)yHKD;HH [21| . [101 CTp. 77-180]. IloCTpOeHHe TaKHX D;ejHjIX 

TpaHCD;eHfleHTHbix 4)yHKD;HH, KaK sto noflHepKHsajiocB caMHM HeHjieBe (1902), sasepmaeT 
npoD;eflypy HHTerpHposaHHH ypasHenHH («integration parfaite» b ero TepMHHOjiorHH) . ^jih 
ypaBHeHHH (|44l) xapaKTep hojiiocob nsBecTen (HeHjieBe), a ero pemeHne HMeeT CTpyKTypy 

C D;ejIbIMH 4)yHKD;HiIMH Ti 2(2^)5 HMeromHMH, 6bITb MOJKeT, HenOflBHJKHbie KpHTHHeCKHe oco- 

6eHH0CTH. nojiHbift cnncoK Taxnx (Jjopiviyji cm. b [101 CTp. 165]. 

HsBecTHO TOjibKO flBa cjiynajj^, Kor^a fljia ypaBHeHHH (|44p BbiHHCbmaeTCH ero o6n],HH 
HHTerpaji. 3to pemeHHH IlnKapa (1889) h XnTHnna (1995), ho hh ajih o^noro h3 sthx 
cjiynaeB cJjopMa IleHjieBe (|47ll ne nsBecTna. B stoh cbhsh npeflCTaBjineT HHTepec npo^e- 
MOHCTpnpoBaTb HeTpHBHajibHyio CHTyaD;Hio, Kor^a 4)yHKD;HH 2(2;) BbiHHCbmaiOTCH hbho. 
HnjKe, Mbi HpHBOflHM TaKOH npHMep. Oh cooTBeTCTByeT napaMeipaM (q; = /3 = 7 = J= |), 
KOTopbie HaHfleHbi Xhthhhmm npn onncanHH SU(2)-HHBapHaHTHbix aHTH-caMO^yajibHbix 
MeTpHK ypaBHeHHH 3HHmTeHHa [15j . YpaBHeHne (|45p Tor^a npHBOflHTca k BHfly 

n (fz , , , ^ , , 0, (2z\t) 



a ero o6n],HH HHTerpaji, ^jih napaMeTpHHecKOH 4)opMbi ()46p . naHflen b [151 CTp. 74, 78]: 

p{z\t) = p{At + B\t) + - 



2 C{At + B\t) - {At + B) ij{t) + ^A 
10.1. OopMa neHjiese. OnncaHHoe sbime /];H4)4)epeHD;HajibHoe HCHHCJienne Beftep- 

mTpaCCOBCKHX H iIK06HeBCKHX 4)yHKD;HH (JjaKTHHeCKH aSTOMaTHSnpyeT BblHHCJieHHil, CBH- 
SaHHbie C JIK)6bIMH <OJIJIHnTHHeCKHMH» pemeHHHMH ypaBHeHHH (|44H46|1 H HX BbipOJK^eHHH- 

MH. CjiojKHOCTb pemeHHH, oflHaKO, OTMenajiacb KaK b nepBOHaHajibHoft pa6oTe [151 CTp. 75], 
TStK H HOSHce (cM. saMe^aHHe 5.1 b 

[13)11. 

HcHOjibsyn pesyjibTaTbi § 5 paccMaTpHBaeMOMy 
pemeHHK) mojkho Hpn^aTb cjieflyiomHH bh^: 

, , , TT d ^ C{At + B\t)-{At + B)i]{t) + ^A 
p z r) = — Ln . 

IlepeBOflH Tenepb see sto b B-cipyiiKiimi, nojiynaeM napaivieTpHHecKyK) (Jjopiviy pemeHHH: 
^ 2i 1 d e[{AT + B\T)+2mAe^{Ar + B\T) ^ i^jir) 

^ " vr {)i{T) dT ^1{t) 9^{At + B\t) ' " {)i{T) ■ ^ ' 

OcTaeTCH HepeHHcaTb sto pemenne b hcxo^hbix nepeMennbix {x,y) HCHOjibsyn cJjopMyjibi 
o6paTHoro nepexo^a r 1-^ x: 

1) ^l(r) ^ , 4{r) = IVT^K'iV^) , 



d 






vrix (x - 






expj- 













vr 



vr^^^l = (49) 



M'li-) -H^i^) -^M^)^ 



y^eTOM aBTOMop4)H3MOB B npocTpaHCTBe napaMBTpoB, KOTopBie xoponio H3BecTHbi B jiHTepaType no 
ypaBHennaM DeHjieBe. Cm. HanpHMep CTaTBio FpoiviaKa b |10| . pa6oTy [17| h ccbijikh b hhx. 

0-(J)yHKii;HOHajiBHbix penieHHax pa6oT ^fSi 1 17 j npHcyTCTByiOT (J)yHKii;HH Si, ^i, 0'(, 6'(' , "d'l, •&'('. 
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YnpOCTHB, H MeHHH lA 1-^ A, nOJiyHHM OKOHHaTejIbHblH OTBCT 

d 









a J A K(^) p 




(1-x) 






iif(y^)^ 





y-x{l-x)—Un , ,9/. . ^v,Ku/^A\ ..o, ' i^^j 

B KOTopoM K -rK' 6epyTCH, B saBHCHMOCTH OT npeflnoHTeHHH, KaK KjiaccHHecKHe nojiHbie 
sjijiHnTHHecKHe HHTerpajibi hjih, nanpHMep, rnnepreoMeTpHHecKHe cJjyHKi^HH [21E1E]: 



2 \2 2 

Xopomee ynpajKHCHHe — npoBepHTb pemeHne (ISUll npHMofi noflCTanoBKOH. ^jih SToro flo- 
CTaTOHHO flonojiHHTB HSjiojKeHHBiH Bbiuie annapaT HSBecTHBiMH npaBHjiaMH /];H4)4)epeHi];H- 
poBaHHH nojiHbix sjijinnTHHecKHx HHTerpajiOB K,K' h E,E' 



(51) 



X (1 — x) X ' dx X (x — 1) X — 1 ' 

dx X X dx X — 1 X — 1 

H cooTHomeHHeM JlejKaHflpa rj' = tt] — ^i, sanHcanHbiM b «x-npe/];cTaBjieHHH» : 

^JC' + E'K - KK' = - . 

2 

CTporo roBopH, b (|50p cjie^yeT eme coKpaTHTb o6n],HH «He i];ejibiH» MHOJKHTejib exp(^T), 
npHcyTCTByiomnii b psi^ax 9^ r O'l- Oh, snponeM, hejihctch «HenoflBHJKHbiM» xax h neMe- 
poMopcJjHaH oco6eHHOCTb pemeHHH, onpeflejiaeMaa MHOJKHTejieM K''^{^/x). Hs (l5Ql) h (ISTI) 
He Tpy^HO BHfleTb, hto pemeHHe ecTb npocTaH cyMMa «HenoflBH>KHOH KpHTHnecKoii oco- 
6eHH0CTH» jiorapncJjMHHecKoro Tnna h naKanjinBaromnxcH «noflBHJKHbix nojiK)COB»: 

rfle nepBoe cjiaraeMoe hmcct KoneHHyio KpHTHnecKyio oco6eHHOCTb TOjibKO b tohkc x = 0. 

Ph^bi, aHajiorHHHBie pa^aM THna (|49p . BeitepniTpacc BbinHCBiBaji b cbhsh c paccMOTpe- 
HHCM sjijiHnTHHecKOH MOflyjiHpHOH sa^aHH o6pan],eHHH fljiH MOflyjiHpHofi 4)yHKi];HH A:^(r) 
[271 CTp. 53-4, 56, 58], [51 CTp.367]. noflo6HbiM cnoco6oM BbrancBiBaiOTCH pasjiOHcenHH b 

OKpeCTHOCTH JIIo6bIX flpyPHX TOHCK, a CaMH 4)0pMyjIbI (j48|) HJIH (ISUl) . (|52|) flOCTaBJIHIOT 

aHajiHTHHecKHH OTBCT K CTeneHHbiM pasjiOHceHHHM pa6oTbi [15j Ha CTp. 89-92, 108-9. 

10.2. Pacnpe^ejieHHe nojiiocoB. Ha Phc. 1 HacTHHHO npeflCTaBjieno Tpanci^eHfleHTHoe 
pacnpeflejiCHHe hojiiocob Xmn, npHHa^jiejKamHx oflHofi h3 flByx cepnli. A hmchho, cepHH, 
KOTopaa flonycKacT HBHyio napaMCTpHsai^Hio cbohx pemeHHii: 

Ciofla Heo6xo/];HMO flo6aBHTb ecTecTBCHHoe ycjiOBne na {n,m) BH^a j > 0. ^annbie 

pacnpeflejieHHH nanHHaiOT fle4)opMHpoBaTbCH npn HSMeneHnH HanajibHbix flannbix {A,B), 
HopojKflaa pa3HOo6pa3HBie KapTHHbi, ho Bce ohh hmciot tohkh naKOHjienHH hojiiocob b 

HeHOflBHJKHBIX OCo6eHHOCTHX Xj = {0, l,Oo}. 

Snaa CTpoenne cJjyHKi^HH k''^{T) h (JjyHflaMeHTajiBHoit o6jiacTH rpynnbi ee aBTOMopcJjHS- 
MOB, T. e. r(2). He TpyflHO TaKHce onncaTb BemecTBennbie hjih hhcto KOMHjieKCHbie nojiioca 
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Phc. 1. Ilojiioca Xmn BHfla ([53]l pemeHHH IlHKapa-XHTHHHa (f5Q]l . ([Ml npn 
A = 125.45 - 103.29 i, B = 36.710 - 69.980 i h (n, m) = -30 . . . 70. 



H3 cepHH (|53|) . SaMCTHM, HTO 3Ta >Ke cepHH nojiiocoB (|53|) HcnepnbiBaeT Bce nojiioca peme- 
HHH ypaBHeHHH dHI) B cjiynae IlHKapa: a = /3 = 7 = (5 = 0. B caMOM ^ejie, b cnjiy (H5l) 
z = ^ z = ar + 6H, KOHBepTHpysi noflCTanoBKy (|46|) b O-c'^ymiiimi, mbi nojiynnM 

PemeHHH IlHKapa-XHTHHHa ecTB (J)yHKD;HH ot ^/x. C flpyroH CToponti, caMa BejiH- 
HHHa y/x = s, Hepes HHTerpajibi K, K' (^/x) h HOflCTanoBKy (I46p . CBHsana c jinneft- 
HfciM flHcJxJjepeni^HajiBHbiM ypaBHenneM OyKca 2-ro nopH^Ka c HeTbiptMH oco6eHHOCTHMH 
s = {0, 1, — l,oo}. CjieflOBaTejiBHO, sto 6yfleT nacTHbra cjiynaft ypaBHeHHH Xoftna [9]: 

2^2(^2-1)2^ ^ Yi~'k'{s)~^- ^^^^ 

IlocKOjibKy 4)yHKi];HH C) P onpe^ejiHiOTca HeonpeflejieHHbiMH sjijinnTHnecKHMH HHTerpajia- 
MH, Mbi nojiynaeM OTCiOfla, hto paccMampueaeMue cjiynau ypaeneHUH UeHJieee HejiHwmcH 
UHmezpupyeMUMU e sjiJiunmuHecKux Keadpamypax Had ducpcpepenu^uaAbHUM nojieM, onpe- 
dejiHEMUM (fiyHKii,UMMU XouHa euda (|55p uau, aKeueaAeumHO, zunepzeoMempunecKUMU 
cj)yHKii,UMMU JleMcandpa om KeadpamuHHOzo pacumpemiH pav^uonaAbHux cfiyHKi^uu no x. 
Mbi Ha6jiio/];aeM TaKsce, hto HSBecTHoe npeo6pa30BaHHe OKaMOTO y ^ y |17j 

- ^ x{x-l)yy^-xy{y-l) 
x{x-l)y^-y{y-l) 

nepeBOflHmee pemeHHH IlHKapa h XnTHnna flpyr b flpyra (nsBecTHbiii (JaaKT), ocTaBjineT 
HHBapnaHTHOH nojiioca (|53|) . ho flo6aBjiHeT/yHHHTOJKaeT BTopyio cepnio hojiiocob, onpe^e- 
jiHeMyK) HyjiHMH ypaBHeHHH 

Q{At + B\t) = A C(T|r) + B C(l|r) . 
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3tO SKBHBajieHTHO HaXOJKfleHHK) A-TO^eK TpaHCI];eHfleHTHOH aHajIHTHHeCKOH 4)yHKLi;HH 



o/ f.juJEl _i_ r| 



j<UEl\ 



T. e. ypasHeHHK) f{x; A, B) = A. OyHKi^HH (|56|) ecTb ne hto hhoc KaK KaHOHHHecKHii Hop- 
MajiHSOBaHHtiii MepoMopcJjHBiH sjijiHnTHHecKHH HHTerpaji I{z + B\t), HMeiomHH nojiroc 
B TOHKe z = —B n paccMaTpHBaeMbiH na npHMOJinneiiHOM ceneHHH z = At npocTpan- 
CTBa, nojiynaeMoro KaK npHMoe npoHSBeflCHHe sjijinnTHHecKoft KpHBoii (z) h l-Mepnoro 
npocTpancTBa MOflyjieii sjiJinnTHnecKHx kphbbix (r). 

T -(]3yHKI];HH HBJIHKJTCH BaJKHblMH o6'beKTaMH B TCOpHH ypaBHeHHH IleHJieBe, nOCKOJIBKy 

renepHpyMT hx raMHjiBTOHHaHbi h flpyrne o6'beKTbi [101I17| . Ohh, oflnaKO, Heo6xoflHMbi ne 

CTOJIBKO flJIH raMHJIBTOHHaHOB, KOTOpbie HSBeCTHbl flJIH BCeX ypaBHeHHH IleHJieBe, CKOJIBKO 

fljiH npeflCTaBjieHHH pemenHH nepes hhx b cJjopMe IleHJieBe (|47|1 . Cm. nanpHMep noHcneHHa 
OKaMOTO Ha CTp. 740-741 b |10j b cbhsh c HOCTpoenHeM T -cJjyHKi^HH, cooTBeTCTByiomHx 
HOjioacHTejibHOH H OTpHi];aTej[bHOH cepHH BbiHeTOB fljiH pemeHHH ypaBHeHHH IleHjieBe-II. 
T-4)yHKi];HH, HOCTpoeHHaa b |17j . cooTBeTCTByeT tojibko HHKapoBCKOii cepnn hojiiocob (15^ 
H coBnaflaeT, c tohhoctbio flo «HenoflBHJKHoro HeMepoMop4)Horo» MHOJKHTejiH, c Hameii 
4)yHKi],HeH 



TA.;A,B)r.0,(A§^^+B 



3to osnanaeT, hto cymecTByeT BTopoii raMnjiBTOHHan, cooTBeTCTByiomHH BTopoii T -cJjyHK- 
i];hh h HOJiiocaM c npoTHBonojioJKHbiM snaKOM BbineTOB. Ona flaeTCH (JjopMyjioft 

T^{x-A,B) = T^{x-A,B)^-Lii{T^{x;A,B) e^-^^ } . 

Bbi6op TaKoro npeflCTaBjiennH o6'b5icH5ieTC5i TeM, hto MepoMopcJjHbie a6ejieBbi HHTerpajibi 
(nHTerpajibi 2-ro po^a) Tnna (J^ynKi^Hit (|56|) MoryT 6biTb npeflCTaBjienbi KaK npoHSBO^Hbie 
OT jiorapncJjMHHecKHx HHTerpajiOB (nHTerpajibi 3-ro po^a) no napaMeTpy, onpe^ejiiiiomeMy 
pacnojioJKeHHe OflHoro h3 flsyx jiorapncJjMHHecKHx hojiiocob (KoncTaHTa B). 3tot cJjaKT 
MOJKeT 6biTb npeflMeTOM flajibHeiiniHx o6o6n],eHHft, ho mbi hx s^ecb ne o6cy»cflaeM. 

3a HeflocTaTKOM MecTa, mm ne hphbo^hm TaKHce ^pyrne cJjopMyjibi, KOTopbie sflecb 

yMeCTHbl, HOCKOJIBKy OHH C OHeBHflHOCTbK) BblBOflHTCH H3 anajIHTHHeCKHX OTBCTOB KaK B X- 

npeflCTaBjieHHH (ISUl) . (|52|) . TaK h b r-npeflCTaBjieHHH (|48|) . HanpHMep, npocTbie BbipajKenHH 

flJIH KOCMOJIOrHHeCKHX MCTpHK Tofla-XHTHHHa |24l [HI US] HJIH HBHblH BHfl flHcJxJjepeHI^H- 

ajibHbix ypaBHeHHH 3-ro Hopa^Ka na T -cJjyHKi^HH. Ha cymecTBOBanne TaKHx ypaBHeHHH 
HeoflHOKpaTHO yKasbmaji IlenjieBe (cm. nanpHMcp |21l CTp. 1114]). Ohh hbjihiotch cjiefl- 
CTBHHMH ypaBHCHHH 3-ro HopHflKa Ha (T(x|r), ynoMHHyToro b §5. 
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YBaacaeMaa pe^aKi],HH, 
H nojiyHHji 0T3biB HE MOK) pa6oTy "O cJjyHKUiHHX 5Iko6h h BeftepniTpacca (I)". K 

COJKajieHHK), TGKCT peLI,eH3HH He COOTBeTCTByeT CO^epjKaHHK) CTETbH. 

CTaTba co;;epjKHT ^ecHTKH hobmx 4)opMyji, a 10-15 h3 hhx SBjiHioTca oneHb Ba»CHbi- 
MH. HanpHMep, ypaBHeHHH h3 §§ 6-7 (J)yH;i,aMeHTajibHbi xoth 6bi noTOMy, hto onpe;],ejiHKiT 
saMKHyToe flH(|)4)epeHi],HajibHoe ^-HCMHCJieHne. Bojiee Toro, HHTerpan 9thx ypaBHenHii no- 
pojKflaeT pacmnpeHHe CTOJib 3HaMeHHToro o6T3eKTa KaK KjiaccHnecKHe 0-4)yHKii,HH. Peii,eH- 
3eHT 3TO npoHrHopHpoBajT H BbicKaaaji MHenne, hto paSoTa ne no^oflHT ^jih ny6jiHKai],HH. 
BeiiepinTpaccoBCKHe pHflbi ncnojibsyiOTca: b jiHTepaxype noBCiofly, a hx anajiorH fl.jia: hko6h- 

CBCKHX 9 flO CHX HOp OTCyTCTBOBajIH, HO BblHHCaHbl B CTaTbC. EcjIH XOTH 6bl 3THM pe3yjIbTa- 

TaM Bce en];e He Hamjiocb MecTa b jiHTepaType, to B03HHKaeT Bonpoc — KaKHMH KpHTepHHMH 
pyKOBOflCTBOBajiCH peu,eH3eHT? 

B OT3biBe HanHcano ". . . Mue Kan uumameAK) OKasueaemcn caochchum pasodpamt/CH ..." 
3to B03pa»:eHHe Tpy^Ho KOMMeHTHpoBaTb, ecjiH ynecTb nacKOJibKo KjiaccHnecKHMH hbjih- 
lOTCJi npeflMBT pa6oTbi h oGmnpHaH jiHTepaiypa na STy TeMy. Bojiee Toro, b TeKCTe hcho 
yKa3aH0, hto sBjiJieTCH hobbim, a hto H3BecTHbiM. EcjiH y aBTopa OT3biBa h 6bijiH necorjia- 
CHH, TO ero apryMeHTan;H}i ^ojixna 6bijia 6biTb npe^^ejibHo KOHKpeTHofl. PeH;eH3eHT, no Bceii 
BH^HMOCTH, jiHnib «6erjio ou,eHHji cTaTbio». Abtop oacH^aji 6ojiee BHHMaTejibHoe oTHoraeHHe 

H K (jjOpMyjiaM, H K TCKCXy. 

51 HacTHHHo npH3HaK) KaK HeflocTaTOK oTcyTCTBHe noApo6HOCTefi. Ho 3to KOMHencHpyroT- 
ca MaKCHMajibHbiM ynpon^enneM caMoro TeKCTa, xoth §§ 3-9 h MoryT na nepBbift B3rjia;i; boc- 

HpHHHMaTbCH KEK «noTOK pe3y.jibTaT0B». CnoBa "aa HedocmarriKOM M,ecm,a" osnaHaiOT, hto 
aBTop fleiicTBHTejibHO HcnbixbiBaji npoGjieiviy cjKaTHH CTaTbH ^jih yMein,eHHH ee b (jjopiviaT 
[...]. EcjTH H36biTOK pe3yjibTaT0B H HBjiaeTca npoGjieMolt TeKCTa, to Tpyj^Tio npe^nojioacHTb, 

HTO 3T0 MOJKeT 6bITb HOBOflOM flJIH OTKaSE. 

Haflerocb, hto coflepjKaHHe 3Toro nncBMa nocjiyjKHT ^jih peflKOJiJiernH floCTaTOHHbiM oc- 
HOBaHHCM nocTaBHTb no^ coMHeHHe o6'beKTHBHocTb Toro, HTO BaM 6bijio npefljioaceno b Ka- 
necTBe OTSbiBE HE Moio pa6oTy. CTETbH HanHcana ne fljia: Toro, HTo6bi 6oAee soda ocncudamb 
\-cmpaHUHHUu omsue 6e3 e^HHoro y6eflHTejibHoro h ^ajKe KOHKpexHoro BospajKenHH. 

IIocKOJibKy MHeHHH peH;eH3eHTa h aBTopa cTaTbH chjibho pacxo^HTCH, n npotuy pednoA- 
Aesum npedjiootcum-b pa6omy na omatie dpysoMy pe%eH3eHmy (aju) . 

Ha o5paTHOH CTopone cjie^yroT KOMMCHTapHH k OT3biBy. Ohh HBjiaroTCH BajKHbiM npofloji- 
aceHHeM ^aHHoro nHCbMa h a onenb Ha^eiocb, hto npn paccMOTpeHHH CTaTbH no cymecTBy, 
OHH He ocTanyTca 6e3 BHHMaHHH^. B oco6eHHOCTH, npomy conocTaBHTb BbiBOflbi peH,eH3eHTa 
H Moii KOMMeHTapHit o6 ypaBHeHHH HenjieBe. ^jih 3Toro ne napp Sbitb 3KCHepTOM b o6jiacTH. 

C rjiySoKHM yBaacenneM, K). BpeacneB 



BKjiioiaa, 6biTb MOJKeT, hobofo peii;eH3eHTa. 
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". . . 6 amoM pa6ome ece "noeue" ymeepotcdeHUH siejinmrncn 6oAee ujiu Menee mpueuoji-bHUMU cjied- 
cmeujiMU uaeecmHux c^aKmoe". 

B TeopHH 3jijiHnTHHecKHx 11 0-4)yHKij,Hii Bce HacTOjibKO iioflpoGao pacimcaHO. hto 3a 170 Jiex 
pesyjibTETaM cTaibH naxuAocb 6u Mecmo xomsi 6hi dAsi ynoMUHauuM e nonynsipHou au- 
mepamype, cmam'bHX, cnpaeoHHunax ujiu MOHoepa^UMX. 

KaK, HaiipiiMep, coiiocTaBiiTb 3to BOspameHiie co SHaHHTejibHO iiepeceKaiomeitcH no BbiHiicjieHii- 
aM cTaTbeit KopoTKHHa-Ba6HHa (Lett. Math. Phys. (1998), 46, 323-337)? Ona ii;ejiHKOM coctoht 
H3 nocjieflOBaTejibHocTH cjiojkhijIx BcnoMoraTejitHMx BbinncjieHHii (5 leopeM + 4 jieMMbi). Heo6- 
xo^iiMOCTb B HHX BO MHOFOM OTHa^jaeT, ecjiH Hcno.)ib30BaTb HacTb "mpueuaAbHux CAedcmeuu" b 
HacTOflmeH pa6oTe. B OKOHiaTejibHbix oTBeiax (|)yHKi;Ha 0'^ tqm TaK h ne noasHjiacb. 
". . . MHOdue ^opMyAu § 3, § 5-8 pevfiHseHmy xopomo uaeecnmu". 

Sflecb ;i;oji>KHa 6Mjia Gmtb xots 6t>i o^na KOHKpeTHaa ccbijiKa co cTpaHHi!;aMH. HHcaTb Tax, 6y- 
fly^M peii;eH3eHT0M, ne yBaacHTejiBHo. Abtop noTpainji snaHHTejibHoe BpeMa na «cKaHHpoBaHHe» 
jiHTepaTypbi. OcTaeTca noBTopHTb a^ecb to, hto BbiflejieHo b npe^ti^iymeM KOMMCHTapHH. 
"... npouaeejia na mcha enenamAeHue HCKoezo cnpaeoHHOgo noco6un ..." 

KaK MoaceT leKCT, hohth cnjiomb cocToamHH hs hobmx peayjibTaTOB, 6biTb "cnpaeoHHUM noco- 
6ueM, adpecoeauHUM MameMamuKaM, He suaKOMUM, c KAaccuuecKou meopueu ... '7 
". . . na noeepny OKaaueaemcM mpueuaAbHUM nepenucueanueM xopomo uaeecmHoeo ..." 

^jia Hero HanncaH TeKCT na CTp. 27? npo6jieMa 4)yH;i;aMeHTajibH0H r-(J)yHKii;HH pjisi MepoMopcJ)- 
Hbix pemeHiiH ypaBHeHiiit Tiiiia IleH.rieBe, K^B HMeeT o6iniipHyio jiHTepaiypy HaHHHaa c Painleve 
(1902) H Jimbo-Miwa (1981). OflnaKo ne npHBe;i,eHo eme hu odnozo pe3yjibTaTa, onncbiBaiomero no- 
jiioca o6iii;hx pemeHHH ypasHenHH DeHjieBe lepea jiorapH(J)MHHecKHe npoH3BOflHbie. ^-{JjyHKi^HOHajibHoe 
pemeHiie caMoro XnTHHHa cjiojKHee (jDopMyjibi (50) b CTaibe h He p,a,eT OTBeT o paciipefle.aeHHH no- 
jiiocoB. B TO >Ke BpeMH Xhthhh oTBOflHT B cBoeH pa6oTe HecKOJibKo cTpaHHu, Ha HOjiapHbie pa3jioJKe- 
HHa. Ho, KaK aBCTByeT h3 peii;eH3HH, aBHbiii aHajiHTHiecKHil otbct ko BceMy BbiniecKa3aHH0My (+ 
pHc. 1) aBjiaeTca "mpueuaAbHUM nepenucueaHueJu". 5lBjiaeTca jih b TaKOM cjiynae TpHBHajibHbiM 
nepenHCMBaHHeM necKOJibKo cTpaHH^ (+ TeopeMa) H3BecTH0H paSoTbi [Kitaev-Korotkin (1998)], 
nocBameHHbix sTOMy jKe pemeHHio? OopMyjibi b hx cTaTbe eni;e 6ojiee rpoM03flKH, HeM (jpopuy- 

Jlbl XHTHHHa. IIpHBefly CJIOBa CaMHX aBTOpOB 9TOH CTaTbH, aBJiaiOni;HXCa, KCTaTH, npH3HailHbIMH 

3KcnepTaMH b stoh o6jiacTH: ". . . ne aczko HenocpedcmeeHHO npoeepumb (ucnoAbsyn coomeem- 
cmeywinue mootcdecmea na m.3ma cfjyHKij,uu) coenadeuue pasAUUHUx cfiopM pem,eHUH . . . OKaMomo 
u XumHUHa . . .". Hh o^ho h3 sthx pemeHHH ne aBjiaeTca aBHbiM h ne HMeeT Hafljie}Kan;eH jiora- 
pH<J)MHHecKOH npoH3Bo;i;HOH. CjioBa "ne aczko" o6'bacHaioTca tcm, hto Tor;i;a eme He 6biji H3BecTeH 
;in4)c})epeHH;HajibHbiH ^-calculus. 

"/. . . /" opuenmupoeaH na ny6AUKav,uw Hoeux u sipnux peayAhmamoe ..." 

^jia Hero npe;i;Ha3HaHeH TeKCT BBeflenna h, b oco6eHHocTH, ero 2-a nojioBiina? SaMKHyTbiM flHcJ)- 
(f)epeHn;HpoBaHHeM o6jia/iaioT ne npocTO ajijiHHTHHecKHe 4)yHKH;HH, a 6ojiee 4)yH;iaMeHTajibHbie 
(J)yHKH,HH H 0' , HO 3T0, HO MHeHHK) peH;eH3eHTa, He aBjiaeTca hobbim pe3yjibTaT0M. CTeneHHbie 
paflbi fljia 6 HbiTajicH HOJiynaTb eiD;e 5Iko6h, o6 stom HHi'^e ne ynoMHHaeTca, ho aBHbie OTBeTM 
TOJKe He HyxcHbi? fljia nero Tor^a HOBCio^y [13,18,19,23,25-27] h ^o chx nop [11] BOCHpoH3Bo;];aTca 
aHajiOFHHHbie cJjopMyjibi BeiiepmTpacca ^jm cr? Bh^ht .jih peii,eH3eHT iipHHii,HHHajibHyio BaJKHOCTb 
iiepexo;j,a ot ypaBHenHJi b Hacnmux npouseodnux ^.jia 6 k o6uKHoeeHHUM /tHcJjcjjepeHi^HajibHbiM 
ypaBHCHHaM h Heu36eatcHocrm> noaBjieHHa b annapaTe 9'? A co;i;ep}KaHHe h BaJKHocTb 4-ro a63aH;a 
Ha CTp. 3? 

06o6mcHMC B §8.7, cy;i,a no 0T3biBy, CHHTaeTca HecymecTByiomHM, xoTa lacTHOMy ?9-KOHCTaHT- 
HOMy cjiynaio sxoro o6o6meHHa nocBamena o6mHpHaa ciaTba [5]. Ecjih peH;eH3eHTy «xopomo h3- 
BecTHbi» pe3yjibTaTbi §§ 5-7, to oh Mor cpaBHHTb hx c § 1 3toh ciaTbH. KaKaa-jiH6o Heo6xoflHMocTb 
B Tpex-CTpaHHHHbix BbiHHCJieHHHX H jieMMB 1 B [5] TCHcpb OTHa^acT, Kojib CKopo Hpe^jtaBjieHbi pa- 
;;bi H iipaBHjia /],H4)4)epeHH,HpoBaHHa. PaSoia [5] oHyGjiHKOBana He/;aBHo, to^kc b [...], h, k cjioBy 
CKasaTb, HepBoe npefljioscenHe b ee aHHOTaH;HH anjiacTca omH6KOH. IIpaBHjibHoe yTBepjKfleHHe — 
3TO Hanajio § 7 b cTaibe asTopa. SnaHHTejibHbie ynpoin;eHHa hmciot mccto TaKsce ;i;jia BbiHHCJieHHii 
ocHOBHoro pe3yjibTaTa cTaTbH [4, §3]. 



